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Introduction

It is well-known that a diophantine equation is an algebraic equation with integer coefficients
involving two or more unknowns such that the only solutions focused are integer solutions .No
doubt that diophantine equations are rich in variety [1-4] .There is no universal method available
to know whether a diophantine equation has a solution or finding all solutions if it exists .For
equations with more than three variables and degree at least three, very little is known. It seems
that much work has not been done in solving higher degree diophantine equations. While
focusing the attention on solving sextic Diophantine equations with variables at least three ,the
problems illustrated in [ 5-24 | are observed. This paper focuses on finding integer solutions to

the sextic equation with four unknowns XY(X +Y) = 8zw”° .

Method of analysis:
The non-homogeneous Diophantine equation of degree six with four unknowns to be solved in
integersis
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Xy(X +y) = 8zw?® (1)

The process of determining non-zero distinct integer solutionsto (1) are
illustrated below:
[llustration 1:

Introduction of the transformations

| SSN: 1008-0562

X=U+V,y=u-v,z=uU (2)
in (1) leadsto
u? —v? =4w® 3)
which is expressed as the system of double equations as below in Table 1:
Table 1: System of double equations

System | | [ [l v \% VI L VI
u+v 1a2w® | w® w* 2w | 4wt 4wd 2w | we
u-v |2 4 4w 2w w w? 2w? | 4w?
In view of (2) , the corresponding integer solutions to (1) are exhibited below:
Solutions from System 1.

x=2k°,y=2,z=k>+1,w=k
Solutions from System I1:

Xx=32k°,y=4,z=16k> +2,w = 2k
Solutions from System I11:

x =16k"*,y =8k,z=8k* +4k,w = 2k
Solutions from System IV:

x=2k*, y=2k,z=k* +k,w=k
Solutions from System V:

X =64k*,y=2k,z=32k" +k,w = 2k
Solutions from System VI:

x =32k®,y=4k?,z=16k* + 2k* ,w = 2k
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Solutions from System VII:

x=2k®,y=2k?*,z=k®>+k*,w =k
Solutions from System VII1I:

x =8k®,y=16k*,z=4k*® +8k*,w =2k
Note 1:

Taking
v=w’
in (3) ,we get after some algebra
x=2k>(k+1)°%,y =2k (k+1?,z= 2k +Dk>(k +D* ,w =k (k +1)
which satisfy (1).
Illustration 2 :
Introduction of the transformations
X=2U+VvV,y=2U-Vv,z=U (4

in (1) leadsto
5

4U° -V =2w (5)

which is expressed as the system of double equations as below in Table 2:
Table 2: System of double equations

System |1 T 1 W
2u+Vv | w*! 2w? 2w? 2w?
2u-V | 2w W WE we

Solving each system of double equationsin Table 2 and using (4) ,the corresponding integer
solutions to (1) thus obtained are exhibited bel ow:
Solutions from System | :

X =16k"*,y=4k,z=4k* +k,w =2k
Solutions from System 1 :
x =512k*,y=4k,z=128k* + k,w =4k

Solutions from System I11 :
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X =16k®,y=4k?*,z=4k®> +k*>,w =2k
Solutions from System 1V :

x =8k?,y=8k®,z=2k®+2k*,w =2k
Ilustration 3:

Introduction of the transformations
X=2p,y=2q,z=k(p+0q) ®)
in (1) leadsto
pg=kw® (7)
The different values of P d:W satisfying (7) and the corresponding integer solutions to (1)

using (6) are presented in Table 3 below :
Table 3 : Integer solutions

P 9 w x(=2p) |y(=20q) |z(=k(p+q)

k o 1 a 2k a® 2 k(ko®+1)

k o’ o o 2k ot 20 k(ka®+a)

k o a’ o 2k o 20.° k(ko®+a?)

k a’ a’ a 2k o 20.° k(ko?+a®)

K o o’ a 2k o 20" k(kao+a®)

K a® % K o 2kt | 2K° K(ka® +K°)

k o’ k°a K o 2k o 2 k°a k(ko*+k°a)
k o® k®a® K o 2k o’ 2 k°a’® k(ka®+k®a?)
k o k®a® K o 2k o 2k® o’ k(ka®+k®a®)
K o k®o* K o 2ka 2 k°o* k(ko+k®a*)

However, there are other choices of integer solutionsto (1) that are exhibited as follows:
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Choice 1:

x=Bk+1)°-1,y=1,z=8"*k*+5*8* k* + 640k* + 80k? + 5k ,w =8k +1
Choice 2:

Xx=32k’-4,y=4,z=16k>-2,w =2k
Choice 3:

X =16k* —4k,y=4k,z=4k* -k ,w =2k
Choice 4:

x =16k* -8k,y =8k,z=8k" —4k,w = 2k
Choice 5:

x =8k’ -8k*,y=8k*,z=2k*-2k*,w =2k
Conclusion:

In this paper ,an attempt has been made to determine the non-zero distinct integer
solutions to the non-homogeneous sextic diophantine equation with four unknowns given in the
title through employing transformations. The researchers in this area may search for other
choices of transformations to obtain integer solutions to the sextic diophantine equation with four

unknowns under consideration.
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