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Abstract: Computational algorithms and mathematical logic work together to create computer-
aided geometric designs. CAGD uses subdivision methods for mathematical modelling and
graphic design. Subdivision methods use a series of iterative procedures based on predefined
rules to smooth the control polygon to a specific range of limit curves. Subdivision schemes are
vital in advanced mathematical modelling, especially in computer graphics, animation, computer-
aided design (CAD), and digital geometry processing. This study presented the construction of a
4-point ternary approximation sub-scheme with the help of the product of two subdivision schemes,
a and b, such that M,,, = ab and analysis of its various properties. The control curve is refined,
and the limit curve is achieved up to the C! continuity level. To make this research more

significant, the refined curves are also shown visually in comparison to control curves.
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1. Introduction

Computing is used to help design and manufacture geometric shapes and objects, known as
computer-aided geometric design (CAGD). It is a subfield of computer graphics concerned with
mathematical modelling of curves, surfaces, and solids. Using mathematical algorithms and
modelling methods CAGD create and connect geometric shapes in two-dimensional and three-
dimensional space. Computer Graphics, animation, industrial design, and architecture are
applications of CAGD. Subdivision schemes play an important role in geometric modelling and
computer-aided design. This innovation helps to create smooth shapes with the help of control
points. Smoother shapes are achieved in this process when new points are added at each refinement
level [1-3]. In approximation schemes, the limit curve is not passed through the control vertices of
the control polygon [4]. Increasing the level of refinement in subdivision schemes tends to shrink
the boundary curve of the control polygon [5]. Chaikin (1974) presented a corner-cutting
subdivision scheme [6]. Sabin et al. (1978) introduced a loop subdivision scheme [7]. Mustafa et
al. (2013), presented tensor product subdivision [8]. Mustafa et al. (2016) presented binary
subdivision techniques derived from the points of the Chaikin corner-cutting algorithm [9].
Mustafa et al. (2017) presented a cutting-edge data-driven method to choose the best subdivision
schemes from flexible families using geometric and statistical model validation [10]. Mustafa et
al. (2020) presented a subdivision scheme using a convolution to predict error bound in refinement
procedure [11]. Mustafa et al. (2021) presented a new way to produce a parametric ternary
subdivision scheme by Laurent polynomial [12]. Mustafa et al. (2023) presented a subdivision

schemes with two parameters [13].

2. Construction of 4-point ternary approximating subdivision scheme M,,

We are taking scheme a and scheme b. After taking a product of both scheme we have a quaternary

SDS. Consider smoothing operator

a=(1-30z*+(3-B) 23+ (-2+ 4Bz + (5+p)z+1-3p (1)
_ 3"’”’1(1+z+zz)m+1(1+Z)m"'2
b= 2m+2(372)2m+1 (2)
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Now we have generate a new ternary scheme with the product of (1) and (2)
M,, = ab

then (3) becomes

1
2M+2(372)2m+1 [

M,, = (1=3B)z* + G+ B)z* + (—2 + 4B)z> + G + )z + 1 — 3]

2.1 A general formula of 4-point ternary subdivision scheme

Consider the laurent polynomials

M(z) = ((1—3,8)2 +(—+ﬂ)z + (=2 + 4p)z* +(—+,6’)2+(1—3ﬂ)(1+z+

2476
z2)2(1+ 2)?)

The mask of 4-point ternary subdivision scheme is
M@ =(-Dz5+GE-Dt+ E-D)3 + E-D2

7[3) 1 178 173)

+Ha+ + (2D + (—+

+(—+ﬁ)z-2 +E-By3 4 E-Ly

DS G

The mask of 4-point ternary subdivision scheme is
M; = ﬁ{(Z —6pf),(11 — 28p), (25 — 54p), (29 — 42p), (13 + 28p),
(—8 4 102p), (=8 + 102B), (13 + 28B), (29 — 42B), (25 — 54p),
(11 -28p),(2—-6p)}.

By using the coefficients of (6), we get the 4-points ternary subdivision scheme is

25 9B -1 178
hg;ll 1= (g - _)hrtn—l + (_ +

11

7
ht+1 = (— )h -1 + ( + ﬁ)ht + ( + )h +1 + (E - E)hfn+2'

-1 178
Rt = (5 — )hfn-1 + (- ?)hfn +(&+

)hm+1'
The simplied form of (6) is
M(z) = =(1+ 2+ z2)*{(2 = 68)z° + (7 — 16f)z?

VOLUME 18, ISSUE 8, 2024 https://www.lgjdxcn.asia/
192-274

Bht + E = Bynt s + & — Dyhtys,

3)

(4)

)

(6)

(7

®)



SSN No 1008 0562 O) Jutural Science Eoxditian

+(5—4B)z% + (—6 + 26B)z> + (—6 + 26B)z* +
(5—4B)z> + (7 —16B)z% + (2 — 6B)z"}. 9)

3. Derivation of a family 4-point ternary approximating subdivisionscheme
MB.
In this area, we are going decide a family of 4-point ternary approximating subdivision conspire

for =

b

N |-

1
57

RS

1 3
, — and —.
5 10

Derivation of 4-point scheme M1
2

By putting = % in (7), we have mask of scheme
M: = i{—l, -3,-2,8,27,43,43,27,8,-2,-3,—1}, (10)
2

by putting = % in (8), we get the scheme M: as

2

-1
hg*ﬁl:_ht 1+ ht += hm+1 48h1tn+2r
1
Rty = = hby g + = hby + = hby ——hh,
1
hitte = =hiaoy + =hly + =Ry — kb, (11)

The Laurent polynomlal of proposed conspire is given as beneath

Mi(z) = { 1—3z —2z% + 823 + 27z* + 43z° + 432° + 2727 + 828
2

4826
—2z° — 3210 — 1211}, (12)

Derivation of 4-point scheme M1
3

By putting = l in (7), we have mask of scheme

M_=m{052145 67,78,78,67,45,21,5,0}, (13)
3

by putting = % in (8), we get the scheme M1 as

3

B = g5 e + 5o i - Pyt = Oy,
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5 67 67 5
RSt =——ht,_,+—hl +—ht  +—h!
3m+1 = . tm-1 T T M T T Mman T T tma2s
t+1  _ ant 5t 13, ¢ 7 0t
h3m+2 - Ohm—l + Ehm + th+1 + Ehm+2' (14)

The Laurent polynomial of given scheme is

1
14476

Mi(z) = {0 + 5z + 2122 + 4523 + 67z* + 78z° + 782° + 6727
3

+45z8 + 21z° + 5219 + 0}. (15)

Derivation of 4-point scheme M1
4

By putting = % in (7), we have mask of scheme

Us = --{1,8,23,37,40,35,35,40,37,23,8,1}, (16)
4

by putting = % in (8), we get the scheme M1 as

4
23 35 37 1

RSl ==ht,_ +=hi, +=h% +=h}

3m 9 m—1 96 M 96 m+1 96 m+2

1 5 5 1

il ==ht,_ +=h +=hl +=h

3m+1 12 m-—1 12''m 12 m+1 12 m+2

t+1 1 ¢ 37 ¢ , 35,¢ 23 ¢
h3m+2 - %hm—l + %hm + ;hm+1 + %hm+2- (17)

The Laurent polynomial of given scheme is

1
9626

Mi(z) = {1+ 8z + 2322 + 3723 + 40z* + 352° + 35z° + 40z” +
4

3728 + 23z° + 8z1° + z11}. (18)

Derivation of 4-point scheme M1
5

By putting = % in (7), we have mask of scheme

M. = ;10 {4,27,71,103,93,62,62,93,103,71,27,4}, (19)
5

) 1.
by putting = = in (8), we get the scheme M1 as
5 ’ =
5
71 31 103 1
hiht = —hb 1 +—hh +—hh +—h
3m = 5.0 Mm-1 T 55 Mm T 50 Mm+1 T 5 lm+2s
t+1 _ 93t 31, ¢ 31, ¢ 9t
h3m+1 - %hm—l + ahm + ghm+1 + ghm+2r

VOLUME 18, ISSUE 8, 2024 https://www.lgjdxcn.asia/
192-274




ISSN No: 1008-0562 O) Jutural Science Eoxditian
RShiva = oghin-1 + 50 hin & 135 st + 356 sz

The Laurent polynomial of proposed scheme described as

Mi(z) =

+10

1
24025

{4 + 27z + 71z + 10323 + 93z* + 622° + 62z° + 9377

3z8 + 71z° + 23210 + 421},

Derivation of 4-point scheme M s

10

By putting = % in (7), we have mask of scheme

M

10

= ﬁ {1,13,44,82,107,113,113,107,82,44,13,1},

by putting = Zin (8), we get the scheme M s as

5

10

11 113 41 1

Rt ==—nt,_ +—ht, +—hl, +—h!

3m 60 m-—1 240 M 120 m+1 240 m+2,

13 107 107 13

RSt =—hl,_,+—h\ +—hL +—h!

3m+1 240 m-—1 240 M 240 m+1 240 m+2,

t+1 1 ¢ 41 . 113 11 ¢
h3m+2 ~ 240 hm—l + 120 hm + 240 hm+1 + Ehm+2'

The Laurent polynomial of given scheme is

Ms (z) =

1
240z°

{1+ 13z + 44z + 8223 + 107z* + 113z° + 1132z° + 10727 + 8228 +

447° + 13210 + 211},

Table 1: Masks of our Scheme at different values of parameter.

B Mask
2 | Mi=21{-1,-3-2,8274343,278, -2 —3,—1}
2 S 48
2 | Mi=--{052145,67,78,78,67,45,21,5,0}
3 3 144
1 M. = %{1,8,23,37,40,35,35,40,37,23,8,1}
4_ 4
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ul | =

M = —{4,27,71,103,93,62,62,93,103,71,27,4}
5

= Mi=—{1 13,44,82,107,113,113,107,82,44,13,1}

o 240

4. Convergence of 4-point ternary subdivision scheme of M.

Theorem 1: The 4-points ternary subdivision scheme (8) satisfies the necessary and sufficient
conditions of convergence.
Proof. We have to prove that the necessary and sufficient condition of convergence of ternary

subdivision scheme (8).
2mi

We will check Mg (1) = 3 and Mg(eP —) = 0 where p=1.

And which is substituting z = 1 in (9) is.
Mp(1) = (1+1+ 12)2{%(2 —6B)1% + (7 — 16B)1* + (5 — 4B)12 + (—6 + 26B)13 + (=6
+26B)1* + (5 — 4B)15 + (7 — 16B)16 + (2 — 68)17}.
Mg(1) = 9= (2 = 68) + (7 — 168) + (5 — 4B) + (=6 + 268) + (—6 + 268) + (5 — 4p) +
(7 —16B) + (2 — 6B)}.

Mg (1) = 9{—(16 + 0)}.

w=f}
After simplifying we get,
Mg(1) = 3.
Now we check the second condition

2mi
Mﬁ (ep T) =0

Now we solve for Mg(eP sz) = 0 where p=1.

Using De-Moivre’s theorem,we get

VOLUME 18, ISSUE 8, 2024 https://www.lgjdxcn.asia/
192-274




ISSN No: 1008 0562 O) Jutural Science Eoxditian

2mi

z=(e3)= (cos— + Lsm—) = —0.5+10.8660. (25)

By using the (9), equation

2mi 2mi

Mg(e3)=9(1+e3 +(63)){(2—6,8)+(7—16ﬂ)(e3)1+(5 4ﬂ)(e3)2+( 6

2mi

+ 26ﬂ)(e 3 )3 + (=6 + 26ﬂ)(e 3 )4 +(5- 4,6’)(e 3 )5 +(7-16B)(e3)°

2mi

+(2-6B)(e3)}
After simplify

21

Mg(e37) = 9(1 — (0.5 +i0.8660) — (0.5 — i0.8660)*)*{(2 — 6B8) + (7 — 163)(0.5
+i0.8660)* + (5 — 4£)(0.5 + i0.8660)* + (—6 + 264)(0.5 + i0.8660)3
+ (=6 + 268)(0.5 + i0.8660)* + (5 — 4£)(0.5 + i0.8660)° + (7 — 163)(0.5
+i0.8660)° + (2 — 68)(0.5 + i0.8660)7}.

Which implies that

Mﬁ(esz) =9(1-1-0)*{(2-6B)+ (7—16B)(0.5+i0.8660)* + (5 — 4B)(0.5
+i0.8660)? + (—6 + 263)(0.5 + i0.8660)* + (—6 + 264)(0.5 + i0.8660)*
+ (5 —44)(0.5 + i0.8660)° + (7 — 168)(0.5 + i0.8660)° + (2 — 65)(0.5
+i0.8660)7}.
After simplifying

27
Mg(e s ) =0.
Hence the 4-points ternary subdivision scheme corresponding to the simplifies form (9) satisfies

the necessary condition of convergence. For sufficient conditions of the convergence if ternary

subdivision scheme corresponding to simplifies form (9) then we have to prove that ” (% Mpg) ” . <

1 for this consider mask of the scheme (7), we have

M= —{(2 6p), (11 — 28p), (25 — 54B), (29 — 42p), (13 + 28B), (=8 + 102p),

(—8 + 102p), (13 + 28pB), (29 — 42p), (25 — 54p), (11 — 28p), (2 — 68)}. (26)

Now we check the sufficient condition,

VOLUME 18, ISSUE 8, 2024 https://www.lgjdxcn.asia/
192-274




SSN No 1008 0562 O) Jutural Science Eoxditian
1 1 1
”(gMn) = max {7512 681 + 129 — 4261 + |8 + 1026]

1
+125 — 54B1), 7= (111~ 28] + [13 + 288] + |13 + 28]

1
+ |11 — ZSBD'E(IZS —54B| + -8+ 1028| + 129 — 428| + [2 — 65])}.
After simplification, we have
1 111
||(§1v1ﬁ)||oo = max {,7,3} < 1. 27)

So the simplifies form (9) is satisfy the sufficient conditions of the convergence.

Convergence of 4-point ternary subdivision scheme at = %

Theorem 2: The 4-points ternary subdivision scheme (8) satisfies the necessary and sufficient
conditions of convergence.
Proof. We have to prove that the necessary and sufficient condition of convergence of ternary

subdivision scheme (8).

2mi

We will check M1(1) = 3 and M1(ep—) = 0 where p=1.
And which is substituting f = - in (8) is.

M1(Z) =(1+z+z%>? {— (2 - (—))Z + (7 — 16(—))Z +(5- 4(—))2

1
+ <—6 + 26 <§>> 73+
(=6 +26())z* + (5 — 4(D)Z°+(7 — 16())z° + (2 - 6(1)z"}.
After simplification
Mi(z)=(1+z+ Zz)zé(—27 —z%+325+72*+ 7234322 -z-1) (28)
2
And now substituting z = 1.
1
Mi(D) = (1+ 1+ 12252 (17 = 194+ 3(D5 + 7()* + 7(1)° + 3(1)* — 1 - D},
2
1
M1 (1) = 9{_ (16)}.
2
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1
Mi1(1) =91=
(1) =9{3}
After simplifying we get,
M:(1) = 3.
2

Now we check the second condition
2mi
M1i(eP—) =0
3 3
Now we solve for Mi(e? ZTM) =0 where p = 1.
2

Using De-Moivre’s theorem,we get

2mi

z=(e3)= (cos—+ Lsm—) = —0.5+10.8660.

2mi

Now put z = e 3 in equation (28),
2mi 2mi 1 2mi 2mi 2mi 2mi
Ml(e B3)=(1+e3 +(e 3 ) )2 ( (e3) —(e3)0+3(e3)°+7(e3)*+
2ni 2ni 2mi
7(e3)° +3(e3) —(e3)—1)
Using (29)

27

(29)

Ml(es)_(1+( 0.5 + i0.8660) + (—0.5 + i0.8660) )2—( (—0.5 + i0.8660)7 — (—0.5

+ i0.8660)° + 3(—0.5 + i0.8660)° + 7(—0.5 + i0.8660)* + 7(—0.5
+i0.8660)3 + 3(—0.5 + i0.8660)% — (—0.5 + i0.8660) — 1)
After simplify, we get

2mi

Ml(eT) = 0.
2

Hence the 4-points ternary subdivision scheme corresponding to the simplifies form (9) satisfies

the necessary condition of convergence. For sufficient conditions of the convergence if ternary

subdivision scheme corresponding to simplifies form (9) then we have to prove that

1 for this consider mask of the scheme (7), we have
M. = ﬁ {—1,-3,-2,8,27,43,43,27,8,—2,—-3,—1}
2
Now we check the sufficient condition,
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1 1 1
|GM|| =3 max G5 (1=11 + 18] + 1431 + |-2D),
1
(=31 + 1271 + 127] + -3]),

1
25 (=21 + 143] + [8] + [=1])}.

After simplification, we have

GM2)

= max {g,%,é} <1. (30)

So the simplifies form (9) is satisfy the sufficient conditions of the convergence at f = %

. P 1
Convergence of 4-point ternary subdivision scheme at f# = 3
Theorem 3: The 4-points ternary subdivision scheme (8) satisfies the necessary and sufficient
conditions of convergence.

Proof. We have to prove that the necessary and sufficient condition of convergence of ternary

subdivision scheme (8).

2mi

We will check M1(1) =3 and M1(ep—) = 0 where p=1.
And which is substituting f = 5 in (9) is.

Mi(z) = (1 + +22i2—6l 0+ 7—16l 14 5—41 2+—6+26l 3
%(Z)—( z+ 2955 ( GNz"+( Gz +( )z +( )z

1 1 1 1
+ (—6+ 26(5))24 +(5— 4(5))25 + (7 — 16(5))26 +(2— 6(5))27}.
After simplification

M1(z) =1+z+ zz)2 (SZ + 112° + 82z* + 823 + 1122 + 52) (31)
And now substituting z = 1.

Mi(1))=(1+1+1%)*— (5(1)6 + 11(1D5 + 8(1)* + 8(1)3 + 11(1)? + 5(1)).
3

144

M(1) = 9 (48)}.

)=o)
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After simplifying we get,
Mi(1) = 3.
3

Now we check the second condition

Mi(e?PZH =0
3 3
Now we solve for Mi(e? ZTM) = 0 where p=1.
3

Using De-Moivre’s theorem,we get

2mi

z=(e3)= (cos— + Lsm—) = —0.5+i0.8660. (32)

2mi
now put z = e 3 in equation (31),
2mi 2mi

M1(e3)—(1+e3 +(e3))Zﬁ(S(e3)6+11(e3)5+8(e3)4+8(63)3

27 27

+11(e3)%+5(e3))
Using (32)

2mi

Mi(e3) = (1+ (=05 +i0.8660) + (=05 +0.8660) )2—(5( 0.5 + i0.8660)°

+ 11(—0.5 4+ i0.8660)° + 8(—0.5 + i0.8660)* + 8(—0.5 + i0.8660)3
+ 11(—0.5 + i0.8660)2 + 5(—0.5 + i0.8660))
After simplify, we get

2mi

M 1 (eT) = 0.
3
Hence the 4-points ternary subdivision scheme corresponding to the simplifies form (9) satisfies

the necessary condition of convergence. For sufficient conditions of the convergence if ternary

<

[oe)

subdivision scheme corresponding to simplifies form (9) then we have to prove that

GM2)

1 for this consider mask of the scheme (7), we have

M = —{0,5,21,45,67,78,78,67,45,21,5,0}
3

Now we check the sufficient condition,
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1
== — (|0 45 78 21 5 67 67 5D),— (|21
3max{144(||+| | +178] + | |)144(||+| | + | |+||)144(| |

+ 78| + |45] + [0])}.

Jw

After simplification, we have

= max {3,7,3} < 1 (33)

[ee)

(GMy)

So the simplifies form (9) is satisfy the sufficient conditions of the convergence at f = %

Convergence of 4-point ternary subdivision scheme at = i.

Theorem 4: The 4-points ternary subdivision scheme (8) satisfies the necessary and sufficient
conditions of convergence.
Proof. We have to prove that the necessary and sufficient condition of convergence of ternary

subdivision scheme (8).

2mi

We will check M1(1) = 3 and M1(ep—) = 0 where p=1.
And which is substituting f = - in (9) is.
M1(Z) =(1+z+2z%)>2 { (2 - 6(—))z + (7 — 16(—))z +(5— 4(—))z + (—6+ 26(—))z
1 1 1
+ (-6 + 26(1))24 +(5— 4(1))25 + (7 — 16(1))26 + (2 - 6(1))27}.
After simplification
Mi(z)=(1+z+ 22)2%(27 +62z°+8z° +z*+2z3+8z2+ 62+ 1) (34)
4
And now substituting z = 1.

Mi(1)=(1+1+ 12)2%((1)7 +6(1)°+8(1)° + (D*+ (13 +8(1)2 +6(1) + 1).
4

M1(1) = 9{ c B2}

=9 f2)

After simplifying we get,
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Mi(1) = 3.
4
Now we check the second condition

Mi(e?PZH =0
z 3
Now we solve for Mi(e? ZTM) = 0 where p=1.
4

Using De-Moivre’s theorem,we get

2mi

z=(e3) = (cos— + lsm—) = —0.5 +i0.8660. (35)

2mi

Now put z = e 3 in equation (34),

2mi 2mi

M1(e3)—(1+e3 +(e3))zi((93)7+6(e3)6+8(e3)5+(e3)4+(e3)3
+8(eT)2+6(eT)+1)

Using (35)

2mi

Mi(e3) = (1 + (=05 +i0.8660) + (=05 +i0.8660) )2—(( 0.5 + i0.8660)7 + 6(—0.5

+i0.8660)° + 8(—0.5 + i0.8660)5 + (—0.5 + i0.8660)* + (—0.5 + i0.8660)3
+8(—0.5 + i0.8660)2 + 6(—0.5 + i0.8660) + 1)

2mi

After simplify, we get M1(e3) = 0.
4

Hence the 4-points ternary subdivision scheme corresponding to the simplifies form (9) satisfies

the necessary condition of convergence. For sufficient conditions of the convergence if ternary

<

[oe)

subdivision scheme corresponding to simplifies form (9) then we have to prove that

GM2)

1 for this consider mask of the scheme (7), we have

1
My = % {1,8,23,37,40,35,35,40,37,23,8,1}

4

Now we check the sufficient condition,

1
=3 max {3 {—(|1|+|37|+|35| +|23|) (|8|+|40|+|40|+|8|) (|23|

+ |35] + |37 + [1])}.

|GM
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After simplification, we have

= max {3,3,;} <1. (36)

1
M|

So the simplifies form (9) is satisfy the sufficient conditions of the convergence at f = %.

Convergence of 4-point ternary subdivision scheme at = %

Theorem S: The 4-points ternary subdivision scheme (8) satisfies the necessary and sufficient
conditions of convergence.
Proof. We have to prove that the necessary and sufficient condition of convergence of ternary

subdivision scheme (8).

2mi

We will check M1(1) =3 and M1(ep —) = 0 where p=1.

And which is substituting f == in (9) is.

Mi(z)=(1+z+ z2)2{—(2 - 6(3))z0 +(7 - 16(1))z1 +(5-— 4(1))22 +(—6+ 26(1))23
3 48 5 5 5 5

+ (-6 + 26(%))24 + (5 - 4(%))25 + (7 — 16(%))26 + (2 - 6(%))27}.
After simplification
M1(Z) =(1+z+ 22)2 (4Z +192° + 212° — 4z* — 423 + 212% + 192 + 4) 37)
And now substituting z = 1.

Mi(1) = (1+1+12)2— (4(1)7 +19(1)® + 21(1)5 — 4(1)* — 4(1)3 + 21(1)% + 19(1
5

240
+4).

M1 (1) = 95 (80D}

M(1 _9 1
%( )—I{g}-

After simplifying we get,
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Mi(1) = 3.
5

Now we check the second condition
2mi
Mi(eP—) =0
T 3

Now we solve for Ml(epsz) =0 where p = 1.
5

Using De-Moivre’s theorem,we get

2mi

z=(e3)= (cos— + Lsm—) = —0.5+10.8660. (38)

2mi

Now put z = e 3 in equation (37),

27 27

Ml(e 3)=(1+e3 +(e 3 ) )2 (4(e 3 )7+19(e 3 )6+21(e 3 )5 lL(eZTm')4

240

2mi 2mi 2mi
—4(e3)34+21(e3)2+19(e3)+4)
Using (38)

2mi

Mi(e 3 ) = (1+ (—0.5 + i0.8660) + (—0.5 + i0.8660)2)2 (4(=0.5 + i0.8660)7
5

240
+ 19(—0.5 + i0.8660)° + 21(—0.5 + i0.8660)°> — 4(—0.5 + i0.8660)*
—4(—0.5 +i0.8660)3 + 21(—0.5 + i0.8660)% + 19(—0.5 + i0.8660) + 4)
After simplify, we get

2mi

Mi(e3)=0.
5

Hence the 4-points ternary subdivision scheme corresponding to the simplifies form (9) satisfies

the necessary condition of convergence. For sufficient conditions of the convergence if ternary

<

[oe)

subdivision scheme corresponding to simplifies form (9) then we have to prove that (g M)
5
1 for this consider mask of the scheme (7), we have

1
—{4,27,71,103,93,62,62,93,103,71,27,4}

M. =
17240

Now we check the sufficient condition,
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” Lyl =12 L 4]+ 1103] + 162] + 171D, —= (127] + 93] + [93]
GMn)|| =3 maxizs( ) 320 ¢
1
+1271), 555 (171] + 1621 + 1103] + 4D},
After simplification, we have
1 111
-M = max {-,-,-} < 1. 39
Gmo|| ¢y (39)

So the simplifies form (9) is satisfy the sufficient conditions of the convergence at f = §

Convergence of 4-point ternary subdivision scheme at f = 3/10.
Theorem 6: The 4-points ternary subdivision scheme (8) satisfies the necessary and sufficient

conditions of convergence.
Proof. We have to prove that the necessary and sufficient condition of convergence of ternary

subdivision scheme (9).

2mi

We will check M3 (1) = 3 and Mi(epT) = 0 where p = 1.
10 10

And which is substituting f = 13—0 in (9) is.

M3(z2)=0+z+ zz)z{i (2 - 6(3))20 + (7 — 16(3))21 +(5— 4(3))22 + (-6
10 48 10 10 10
+263 34+ 6+263 *+(5 43 >+ (7 163  +(2
()7 + ( (Ge7* + (5= 4(5)7° + (7 = 16(75)7° + (
6 3 )27
e

After simplification

M3(z)=(1+z+ 22)2510(27 +112° +192° + 92* + 923 + 1922 + 11z + 1)  (40)
10
And now substituting z = 1.

M3(1)=(1+1+ 12)2i((1)7 +11(1)° + 19(1)5 + 9(1)* + 9(1)% + 19(1)2 + 11(1)

240
+ 1).
Ms3(1)=9 1 80
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3 =94=1.
10 3
After simplifying we get,
M3 (1)=3
10
Now we check the second condition
2mi
M3(eP—)=0
10 3

Now we solve for M s (e? —) = 0 where p=1.
10

Using De-Moivre’s theorem,we get

2mi

z=(e3) = (cos—+ Lsm—) = —0.5+i0.8660. 41)

2mi

Now put z = e 3 in equation (40),
2mi 2mi 2mi 21 21 2mi 2mi
M3(Ee3)=([14+e3 +(e3 )2)2240((9 3 )7 +11(e3 )% +19(e’3 )°> +9(e 3 )*
10
2mi 2mi
+9(e’3 )3+19(e 3 )2+11(e 3)+1)
Using (41)

21

M3 (e3)=(1+(=0.5+i0.8660) + (—0.5 + i0.8660)2)2 ((—0.5 + i0.8660)7
10

240
+ 11(—0.5 + i0.8660)° + 19(—0.5 + i0.8660)° + 9(—0.5 + i0.8660)*
+ 9(—0.5 + i0.8660)3 + 19(—0.5 + i0.8660)% + 11(—0.5 + i0.8660) + 1)
After simplify, we get

2mi
M3(e3)=0.
10

Hence the 4-points ternary subdivision scheme corresponding to the simplifies form (9) satisfies

the necessary condition of convergence. For sufficient conditions of the convergence if ternary

<

[oe)

subdivision scheme corresponding to simplifies form (9) then we have to prove that (— Ms)

10

1 for this consider mask of the scheme (7), we have

1
M3 =——{1,13,44,82,107,113,113,107,82,44,13,1}
= 240
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Now we check the sufficient condition,

1 1
-M == —(|1] + |82 113| + |44 13 107 107
|G| =5 max g 111+ 1821+ 11131 + 44D, 5751331 + [107] + 107)
1
13]), —— (/44| + |113]| + |82 1
+ 113]), 75 (144] + [113] + [82] + |11},
After simplification, we have
(—M3) = max {— - —} <1 (42)
o 3’3’3

[oe)

So the simplifies form (9) is satisfy the sufficient conditions of the convergence at ff = 13—0.

5. Continuity analysis of a 4-point ternary subdivision scheme at Mg

Theorem 7: The 4 -point ternary subdivision scheme (8) is C° continuous, when B €
(—0.8125,0.1875) and C! continuous, when f € (—0.64,0.02).

Proof. Now for C° continuity by using (9) can be written as

M) = (555) (M)
where (Mp)4(2) is defined. After putting the value of (Mg)4(2), we get

Mh(2) = 2 (25) (1 + 2+ 223((2 - 6R)2° + (7 — 168)z" + (5 — 4B)z> + (6 +
26B)z3 + (=6 + 268)z* + (5 — 4B)z5 + (7 — 168)z° + (2 — 65)z7}. (43)
After simplifying

Mé(z) =z2(1+z+2z>)%{(2-6B)z° + (7 —16B)z' + (5 — 4B)z% + (—6 + 26B)z3 + (-6
+26B)z* + (5 —4B)z° + (7 — 168)z° + (2 — 6B)z"}.

By collecting terms of z, we have

Mz(z) = {(2 - 6B)z° + (9 — 22B)z" + (14 — 26B)z* + (6 + 68)z> + (=7 + 48B)z* + (=7
+48B)z° + (6 + 68)z° + (14 — 26B)z” + (9 — 22B)z% + (2 — 63)z°}.

Let S; be the mask of scheme S; from (7), we have
S1={(2—-6pB),(9 —22p),(14 — 26p), (6 + 6f), (=7 + 48B),
(=7 +48pB),(6+6p),(14 —26p),(9 —22pB),(2 — 6B)}. (44)

For C° continuity of The 4 -point ternary subdivision scheme corresponding (3.9) C°

continuity if the scheme S; corresponding to this S; scheme is contractive.For contractiveness
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we check ”%5'1”00 <1

We have to check that

|GSH|_ = max 52 |a l+(3) ;i=0,1,...,(3") — 1}. (45)
Byn=1and L =1 in (45), we have
|&so|. = max &3, o], 23 o], 25, |l (46)

From (44), we get

1 1
|Gso| = max 512~ 661+ 16 + 681 + 16+ 681 + 12— 661), 35 (19 - 2261

+ |-7 +48F| + |14 — 26ﬂ|) (|14 26B| 4+ |—-7 + 48| + |9 — 228}
After simplification, we have
(G51) ;z max {—(16),~- (16),- (16)}.
Which implies
1 111

1
(551) = max {3,3,3} <1

Show that the scheme S; is contractive,

Byn=1and L =1 in (45), we have

”(%51)”; = max GZ] |a£§-’1]|, Z] | 3]+1| | 3]+2|} 47)
Which implies,

1 1
= max (5= (12 + 681 + 16+ 681 + 16 + 681 + 12 + 681), 7= (19 + 228

1 1

|Gs0 )
1

+ |7 +48B| + |14 + 26B|),E(|14 + 26| + 17 + 48] + |9 + 228}

= max {—|16 + 248, —|30 + 96, 75 |30 +96p]} < 1.

1 1
lgso|.
Now we find the interval of S

1
— |16+ 24F| <1
5116+ 24p]
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_l6+24p
48

OR
& —2.66 <f <133

Now we let

1
—|[30+96f4| < 1
5130 +96p]

1<30+96ﬁ<1
48

OR
< —0.8125 < £ < 0.1875
The common region of convergence is f € (—0.8125,0.1875).

Hence the ternary subdivision scheme presented in (8) is C° continuous then B €

(—0.8125,0.1875).

2
Now we solve for C! continuity, multiplying equation (9) with (1+3zZ+z2) and get,
2 _ (_37° 1
Mﬁ (2) = (1+Z+22) Mﬁ (2).

where Mg(z) is defined. After putting the value of Mg (z), we get

3 2
ME(2) = (o) 22(1 + 2 + 22)2{(2 — 68)2° + (7 — 168)z* + (5 — 4p)z% + (—6 +
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26B)z3 + (—6 + 26B)z* + (5 — 4B)z> + (7 — 16B)z° + (2 — 6B)z"}. (48)

After simplification we have

ME(z) = 3z* (1 + z + z22){(2 — 68)z° + (7 — 16p)z" + (5 — 4B)z* + (=6 + 268)z> + (=6
+26B)z* + (5 —4B)z° + (7 — 16£)z° + (2 — 63)z7}.

By collecting terms of z, we have

Mj(z) = 3{(2 = 6B)z° + (7 — 16p)z" + (5 — 4B)z* + (=6 + 26B)z> + (=6 + 26B)z* + (5
—4B)z° + (7 —166)z° + (2 — 6B)z}.

Let T! be the mask of scheme S, from (7), we have

T2=3{(2-6pB),(7—16B),(5—4pB),(—6 + 26B),(—6 + 26pB), (5 — 4B), (7 — 16p), (2 —

6/3)}. (49)
For C! continuity then S, be the subdivision scheme corresponding to the equation (45) then
S, .

Byn=2and L =1 in (44), we have

||(—51)|| = max G |alV|, 3% |eli] 335 o] (50)

1
= max 3(;5 (12 — 68| +1~6 + 268 +17 — 168)),

i1l

1 1
5 (17 = 1681 +1-6+ 2681 + 12 = 681),75.(15 — 481 + 15 — 45D}

1

|(—51) — max {—|3+4ﬁ| |3+4/3| |1o 88|} < 1.
Which implies
1 1 3 5
|G = = max =23« (51)

This show that scheme S, is contractive,

Byn=2and L =1 in (45), we have

Ooz max {7 Z| ) 32| 3]+1 3Z| 31+2

Jasof

After simplification we have
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= max 3{—(|2 + 6B+ 16 + 2681 +17 + 1681), = (|7 +16B] + |6 + 268|

1 1
lgs||.
1
+ 12+ 681,75 (I5+ 481+ 15+ 4B1)3.
which implies

=max{—|15+48ﬂ| |15+48ﬂ| |10+8,8|}<1

1 1
lgso|.
Now we find the interval of
1
— |15+ 484 < 1
— 115 + 485]

<15+48ﬂ<1
16

o —31<488 <1
~31 1

OR
& —0.64 < B < 0.02

Now we let

1
—[10+8p| <1
—[10+85]

<10+8,6’<1
16

= -26<88<6

OR
< —3.25<p<0.75
The common region of convergence is f € (—0.64,0.02). Hence the scheme presented in (9) is

C?! is continuous then f € (—0.64,0.02).

Continuity analysis of a 4-point ternary subdivision scheme at M1
2
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Theorem 8: The 4-point ternary subdivision scheme (8) is C! continuous.

Proof. Now for C° continuity by using (9) can be written as
Mi(z) = z
%( ) (1+Z+Z )( )1( )

where (M1)(2) is defined. After putting the value of (M1),(z), we get
2 2

1 3z*
Mg(z) = §<m> (L+z+22)3{(-1—-2+432>+ 723+ 72* + 32> — 26 — 77},
After simplifying

Mi(z) =z*(1 +z+2%)?*{-1—z+32% + 723 + 7z* + 325 — z° — 27}
2

By collecting terms of z, we have

Mi(z) = {-1-2z+2z%+92% + 172* + 1725 + 92° + z7 — 228 — 2°)}.
2

Let S; be the mask of scheme S; from (7), we have
S =1{-1,-21917,179,1,-2,-1}.
For C° continuity of The 4-point ternary subdivision scheme corresponding (9) C° continuity
if the scheme S; corresponding to this S; scheme is contractive.For contractiveness we check
1
[5s:]l,, <1

We have to check that

1 1 L .
”(55”)L||oo = max {3 ocg:(;b 5i=01,...,(3") — 1), (52)
Byn=1and L =1 in (45), we have
1 T 1,1] 11
[Gsoll,, = max G o] 53 fasilh], 335 | (53)
From (44), we get
1 1
|Gso| = max g =11+ 191+ 191+ =11, 55 (=21 + 171+ 11,55 (11 + 117
+1-2D}.
After simplification, we have
1 1
|Gso|| = max 56,55 16), 5560,
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Which implies
1

1 111
||(§Sl) . = max {5,5,5} <1.

This shows that the scheme S; is contractive.

Hence the scheme presented in (9) is C° is continuous.

Now we solve for C! continuity, multiplying equation (3.9) with ( ) and get,

M2(7) = 32 Ml
%(Z)_ 1+ z+ z2 %(Z)'

where Mll (2) is defined. After putting the value of Mll (2), we get

2 2
2

MZ — 21 22_1_ 32 73 74 35_6_7.
%(z) <—1+Z+Z2>Z( +z+ z°){ z+3z°+7z°+7z*+32z°—2°—-2"}

After simplification we have

Mi(z) =3z*(1+z+2z?){~1—z+32% + 723 + 7z* + 325 — z° — 27},
2

By collecting terms of z, we have

M$(z) =3{-1—z+32% +72% + 7z* + 325 — z° — 727}.
2

Let T! be the mask of scheme S, from (7), we have

T2 =3{-1,-1,3,7,7,3,—1,—1}. (54)
For C! continuity then S, be the subdivision scheme corresponding to the equation (45) then
S, .

Byn=2and L =1 in (44), we have

1 1 [2,1]
”(551)”002 max (3 [, 335 i) 52 fasii] (33)
1 1
|G| = max 365 (=11 + 171+ 1-11), 35 (=11 + 171+ =11, 55 (31 + 13D,
s = 511512 161} < 1
G50 = max{p ISl g ISk gglely < 1.
Which implies
1 1 5 5 3
”(551)”00 = max{=,=,3 < 1. (56)
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This show that scheme S, is contractive,

Hence the scheme presented in (9) is C! is continuous.

Continuity analysis of a 4-point ternary subdivision scheme at M1
3

Theorem 9: The 4-point ternary subdivision scheme (8) is C! continuous.

Proof. Now for C° continuity by using (9) can be written as

2
Mi(2)=|——=|WM
HO <1+ — )( D12,
where (M1)4(2) is defined. After putting the value of (M1),(z), we get
3 3
v 1 322 14 +235 +112+8 3_|_8 +11 +56
1@ =35\, 52) 2t 205zt 432 37337
After simplifying

M(Z)—22(1+Z+ZZ) {—Z+£Z +8Z +8Z +£Z +5Z}
: 3 37 73 3 3

By collecting terms of z, we have

Mél(z) = {%Z + %ZZ + 823 +9z% +92° + 82° + %27 + gzs}.
Let S; be the mask of scheme S; from (7), we have

S = { , 8,9,8, — —}
For C° continuity of The 4-p01nt ternary subdivision scheme corresponding (9) C° continuity
if the scheme S; corresponding to this S; scheme is contractive.For contractiveness we check

[5s:]l, <2

We have to check that

1
|&st| = max 23 |a | +(3 Li=o1..6y-1 (57)
Byn=1and L =1 in (45), we have
— [11] ] 1
|&so|. = max s, |alf], 15, |ali] 25 [ali (58)
From (44), we get
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1 1 )16
oo=max{—(| |+| |+| | E(|3 +18]),— (|8|+|3|)}

s,

After simplification, we have

”151_ 1 371 40 1 40
Which implies
”15 v 37 5 5. _,
GS)|| = maxiy 1318

This shows that the scheme S; is contractive.

Hence the scheme presented in (9) is C° is continuous.

Now we solve for C! continuity, multiplying equation (3.9) with ( ) and get,
M2(z) = 3z° JYe.
%(Z) T \14z422 %(Z)'
where Mll (z) is defined. After putting the value of Mll (2), we get
3
Mi(z) = 3 24zt a2 S s 20
1@ =\, 52)7 (2 Z){ AR G S T

After simplification we have
8 11 5

5 11 8
Mg(z) =3z*(1+z+ Zz){§Z +?z2 +§Z3 +§Z4 +?z5 +§Z6}.

By collecting terms of z, we have

5 11 8 8 11 5
M%Z(Z) = 3{§Z +?Z2 +§Z3 +§Z4 +?25 +§z6}.

Let T! be the mask of scheme S, from (7), we have

For C! continuity then S, be the subdivision scheme corresponding to S, .

Byn=2and L =1 in (45), we have

lsoll, = max 63 Jefi. 32 Jai] 52 Jadiidl
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G0, = max sz ] + Bbas (o b as 5l + B
1 1
”(551) - max{ | 16| | 16| <L
Which implies
|&so” = max 22,5 <1 (61)

This show that scheme S, is contractive,

Hence the scheme presented in (9) is C! is continuous.

Continuity analysis of a 4-point ternary subdivision scheme at M1
4

Theorem 10: The 4-point ternary subdivision scheme (8) is C! continuous.

Proof. Now for C° continuity by using (9) can be written as

2

M%(Z) = (m) (M1)1(Z)

where (M1)4(2) is defined. After putting the value of (M1),(2), we get
4 4

1 322 1 1 1 1
10\ — 23 2 3 4 5 6 7
M%(z)—§<1+z+zz>(1+z+z){§+32+4z +§Z +§Z +4z> + 3z +§Z }.
After simplifying

1 1 1 1
Mi(z) =z*(1+z+ 22)2{§+ 3z+4z% + 523 +§Z4 + 4z° + 32° +§Z7}
2

By collecting terms of z, we have
15 15 15 15

1 7 7 1
M%(Z)={§+§Z+7Z + = Z3+524+5Z5+726+7Z7+528+§Zg}.

Let S; be the mask of scheme S; from (7), we have

5_17151555151571
1_{2r212r2r 1;2:2,2,2}.
For C° continuity of The 4-point ternary subdivision scheme corresponding (9) C° continuity

if the scheme S; corresponding to this S; scheme is contractive.For contractiveness we check

[5s:]l, <1
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We have to check that

||(§5n)L||oo = max {3 al?j'gb i=01,...,3Y -1} (62)
Byn=1and L =1 in (45), we have
|&so|. = max s, |alf], 15, |ali] 25 [ali (63)
From (44), we get
G| = max i e+ 2] 1+ s (2] 181+ P ] 151+ 2
37V 2171217382 2 748\ 2 2

After simplification, we have

o 132 1 32 1 32
L= Mg g (g (I

Jds.

Which implies
1

” 15 _ 111 <1
(3 1) m_max{g’glg} '

This shows that the scheme S; is contractive.

Hence the scheme presented in (9) is C° is continuous.

Now we solve for C! continuity, multiplying equation (3.9) with ( ) and get,

M2(7) = 3z° JYe.
%(Z)_ 1+2z+22 %(Z)'
where Mll (z) is defined. After putting the value of Mll (2), we get
4 4
2

1 1 1 1
>22(1 +z+ 22)2{§+ 3z4+4z% + =23 + -z +42° + 328 + 527}.

Mi@ =< )

1+ z + z2
After simplification we have
2 4 2y 2, 15 1, 5 6.1 5
Mi(z) =3z (1+z+z){§+3z+4z +§z +§Z +4z°> + 3z +§z }.
4
By collecting terms of z, we have
2 1 2,151, 5 6,1 5
Mi(z)=3{z+3z+4z°+-z°+-z" +4z°+32°+=-z"}.
7 2 2 2 2

Let T! be the mask of scheme S, from (7), we have

VOLUME 18, ISSUE 8, 2024 https://www.lgjdxcn.asia/
192-274




SSN No 1008 0562 O) Jutural Science Eoxditian

T2 =3(,34,2,3,43,3) (64
For C! continuity then S, be the subdivision scheme corresponding to S, .

Byn=2and L =1 in (45), we have

”(—51)” = max{‘21| 32]1]|' Z}| 3]+]1| %Z]| 3]+2|} (65)
s = max3{—(| |+ 5] + 130,55 031+ 5| + [ 25 0141+ 143
||(—51) = max (o 4], 4], = 181} < 1.

Which implies
||(§51)|| = max {;,5,5} < 1. (66)

This show that scheme S, is contractive,

Hence the scheme presented in (9) is C! is continuous.

Continuity analysis of a 4-point ternary subdivision scheme at M1
5

Theorem 11: The 4-point ternary subdivision scheme (8) is C! continuous.

Proof. Now for C° continuity by using (9) can be written as
2

Mi(z)=——— | :

%(Z) <1 +z+ zz> ( %)1(2)

where (M1)4(2) is defined. After putting the value of (M1),(2), we get
5 5

yl 1 322 147472 +19 +21 , 4, 4 4_|_21 5_|_19 6
1@ =315, 2) 2 Pyt g gt Ty oA
4
+§Z7}.
After simplifying

4 19 21 4 4 21 19 4
M%(z) =z*(1+z+ 22)2{§+?Z +?Z2 —§Z3 _EZ +t= z° +?Z6 +§Z7}

By collecting terms of z, we have

Iy B +23 +44 +36 3_}_13 4_|_13 5_}_36 6+44 7_|_23 8+4 9
1(z) { - Z 5Z c = Z = Z = Z - Z = Z 52}.
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Let S; be the mask of scheme S; from (7), we have
4 23 44 36 13 13 36 44 23 4

515555555555

For C° continuity of The 4-point ternary subdivision scheme corresponding (9) C° continuity

if the scheme S; corresponding to this S; scheme is contractive.For contractiveness we check

55, <1
We have to check that
||(§5n)L||oo = max {3 al?j'gb i=01,...,3Y -1}

Byn=1and L =1 in (45), we have

Gsoll, = max G2 ] 52 Jalil]. 33 Jedi2il

From (44), we get

5ol = mee gl 51+ [5]+ bz f5] 5
G 1)00_"’“’“{ ( RSN EME
=M
After simplification, we have
1
”(551) = max {—(16) (16) —(16)}.

Which implies

” 1 v 111,

G| = max(z3.30<1

This shows that the scheme S; is contractive.

Hence the scheme presented in (9) is C° is continuous.

Now we solve for C! continuity, multiplying equation (9) with (1
M2(7) = 3z° JYe.
%(Z) T \14z422 %(Z)'

where Mll (2) is defined. After putting the value of Mll (2), we get

5 5
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M (z) = _ 3z 22(1+Z+22)2{i+22+gzz—iz3—iz +21 5+£Z6
ST\ 1424 22 55 5 5 5 5 5
4 7
+§Z }

After simplification we have

M2(Z) = 32°(1 + 2+ 2)4_|_19 +21 , 4, 4 4_|_21 5_|_19 6+4 2
%(z)— z z+z {5 cZtgz—gz -z =2 cZ tcz

By collecting terms of z, we have
19 21 4 4 21 19

M3 (z) —3{—+—z+—22——z3——z +—ZS+—Z6+4Z 1.
3 5°°5 57 5 5 5 5

Let T! be the mask of scheme S, from (3.7), we have

4 19 21 -4 -4 21 19 4

T2 =3{,—,=~,—,—,=,=,-L (69)
For C! continuity then S, be the subdivision scheme corresponding to S, .

Byn=2and L =1 in (45), we have

1 1 [2,1] ] 1

”(551)”00 = max{—Z, | 3] |, Z; | 3]+1| gzj | 31+2|} (70)
|Gl = maraggd] + [+ | D]+ |_4|+|4| a5l ls
1 1
”(3 | max{ | 16| | 16|
Which implies

1 1 19 19 21

[Gsol, = mar 5550 <1 o

This show that scheme S, is contractive,

Hence the scheme presented in (9) is C! is continuous.

Continuity analysis of a 4-point ternary subdivision scheme at M 5
10

Theorem 12: The 4-point ternary subdivision scheme (??)is C! continuous.
Proof. Now for C° continuity by using (??) can be written as

L 3z
M3 (z) = (—2> (M%)l(z)-

10 1+z+z
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where (M3 )4(z) is defined. After putting the value of (M3 ),(z), we get
10 10

ML (2 _1 3z2 L4 g4 g2 +11 +192+9 3_|_9 4_|_19 5_}_116
3@ =315, 2)0 12 Yty agr gty g
1
+§Z7}.
After simplifying
11 19 9 9 19 11 1

1 _ 2 2y2(Z 4 —— 4 7 _ i
M1o(Z) Z(1+Z+Z){ +SZ+SZ +5Z +SZ+SZ+SZ +52}

By collecting terms of z, we have
12 31 39 37 37 39 31 12

1
1 e 27 27 27 27 21 14
M10(Z) {+SZ+SZ+Sz+52+52+52+52+52+52}

Let S; be the mask of scheme S; from (?7), we have
1 12 31 39 37 37 39 31 12 1

51{5555555555}

For C° continuity of The 4-point ternary subdivision scheme corresponding (9) C° continuity

if the scheme S; corresponding to this S; scheme is contractive.For contractiveness we check
1

[5s:ll,, <1
371l

We have to check that

1oL _ v, |, | = LN _
|Gsw ||oo = max (¥ |alla [ =01,..., 35 — 1) (72)
Byn=1and L =1 in (45), we have
— [11] ] 1
|&so|. = max s, |alf], 15, |ali] 25 [ali (73)
From (44), we get
[igsoll, = mes gl + 51+ 1+ b a5+ [+ b+ [
G|, = max{ ( 8¢ 51t 5P a5t s
+hs
After simplification, we have
1
|Gso]|. = mex g5 61,55 615560
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Which implies
1

1 111
||(§Sl) . = max {5,5,5} <1.

This shows that the scheme S; is contractive.

Hence the scheme presented in (9) is C° is continuous.

Now we solve for C! continuity, multiplying equation (3.9) with ( ) and get,

My () = (—2 Vmi)
%Z_1+Z+ZZ %Z'

where Mli(z) is defined. After putting the value of Mli (2), we get

10 10

3z2 11 19 9 9 19 11
2 Y R 2N2g— 4 -7 2,2.3,7 4,7 5, """ 6
M3 (2) ( Z) (1+Z+Z){+5Z+5Z +SZ +SZ+5Z+SZ

After simplification we have

M% (z)—3z4(1+z+zz){—+22+22 +9Z +9Z +22 +£Z +1Z}
3 52757 75 75 T s 57 75

By collecting terms of z, we have
11 19 9 9 19 11 1

M? =3{=+—z+— — —
130(2) {+Sz+52+52+52+52+52+52}

Let T! be the mask of scheme S, from (7), we have
T2=3, 22220 0L (74)
For C! continuity then S, be the subdivision scheme corresponding to S, .

Byn=2and L =1 in (45), we have

1 1 [2,1
”(551)”oo = max {_Zl | 3j ]|’ 32 |® | 3J+1| | 31+2|} (75)
G0, - mar3t; |||||| 5l +[el +[h g =] [ £
G50 - Tzl wlzh <
GS)|| = max{ 1615116 '
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Which implies
|¢sol. = max 22,2 <1 (76)

This show that scheme S, is contractive,
Hence the scheme presented in (9) is C! is continuous.

Table 2: Continuity of our Scheme at different values of parameter.

B Continuity
1 c?
2

1 ct
3

1 c?
4

1 c?
5

3 c?
10

6. Parametrization at M B

The Laurent Polynomial of the 4-point ternary subdivision scheme, is given by

Mg(z) = i(l +z+4+29)*{(2-6B)z° + (7 —-16B)z' + (5 — 4B)z* + (=6 + 26B)z> +

(—6+26B)z* + (5 —4B)z°> + (7 —16B)z° + (2 — 6pB)z7}. (77)
We have to find
= M) and t =7+— ( ) By taking the derivative of Mg(z), we get

(Mg)i(2) = iZ(l +z+4+2z2)(1+22){(2—-6B)z° + (7 —16B)z* + (5 — 4B)z* +
(—6+26B)z3 + (=6 +26B)z* + (5 —4B)z° + (7 — 168)z° + (2 — 6B)z" + ﬁ(l +z+
22)2{(7 = 16B) + 2(5 — 4B)z' 4+ 3(—6 + 26B)z2 + 4(—6 + 26B)z3 + 5(5 — 4B)z* + 6(7 —
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168)z° + 7(2 — 6)z5}. (78)
By substituting z = 1, we get

, 33
Mﬁ(l) = )
So that
_ Mp(1) 33
T m 6
And
t =T+ (- T)
mJ
S 33 (-G
t]- = ? + T

Hence the 4-point relaxed ternary subdivision scheme at Mg is dual.

Parametrization at M1
2

The Laurent Polynomial of the 4-point ternary subdivision scheme at f§ = %, is given by

1
Mi(z) = E(l +z+22){-1—z+322+ 723+ 72z* + 325 — 25— 27}.
2

We have to find
Mi(D) ( )
T= fn and tl = 7 + —= By taking the derivative of M1 (Z) we get

(M2);(2) = =21+ 2+ 22) (L + 22){~1— 2+ 322 + 723 + 72 + 325 — 26 — 2"} + L (14
2

z+2z%)%{—1+ 6z + 212% + 2823 + 15z* — 62° — 7z°}. (79)
By substituting z = 1, we get
M (1) = 33
%( ) - 2 "
So that
M§(1) 33
T = =—
m 6
And
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. (i—1)
i _

. .33
.33 (=%
J 6 3J '

. e 1.
Hence the 4-point relaxed ternary subdivision scheme at f = S 1s dual.

Parametrization at M1
3

The Laurent Polynomial of the 4-point ternary subdivision scheme at f§ = %, is given by
1 1
Mi(z) = E(l +z+ 22)25{52 + 1122 + 823 + 8z* + 112° + 52°}.
3

We have to find

Mi() (i-7)

T= fn and tji =T+ By taking the derivative of M1(z), we get
2

(MD)i(2) = =2(1+ 2+ 22)(1 + 22) 5 {52 + 1122 + 82 + 82* + 1125 + 525} + — (1 +z +
3

22)22{5 + 22z + 2422 + 3223 + 55z* + 3025}, (80)
3
By substituting z = 1, we get
M (1) = 33
%( ) - 2 "
So that
M) 33
T = = —.
m 6
And
: (i-1)
| R
ti =1+ T
.33
.33 (=0
76 3/

. e 1.
Hence the 4-point relaxed ternary subdivision scheme at f = 318 dual

Parametrization at M1
4
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The Laurent Polynomial of the 4-point ternary subdivision scheme at f§ = %, is given by
1 2y2 1 24,34 4 5 6 4 ,7
M1(z) =E(1+Z+Z ) E{1+6z+8z +2z°+2z*+82>+62°+2z"}.
2

We have to find

My (1)

T= ‘;n and t _‘L'+(

) By taking the derivative of M1 (Z) we get

(M1)1(2) = ﬁZ(l +z+4+2z2)(1+ 22)5{1 + 6z + 822 + z3 + z* + 82° + 62° + 27} +i(1 +
4

z+22)2~{6 + 162 + 322 + 4z° + 40z* + 362° + 7z},

By substituting z = 1, we get

M) 33
1 ==
7 2
So that
B S
T = e
And
; (i—1)
l
=T+—7
. 33
.33 (=0
J 6 3J '

. e 1.
Hence the 4-point relaxed ternary subdivision scheme at f = S is dual.

Parametrization at M1
5

The Laurent Polynomial of the 4-point ternary subdivision scheme at f§ = %, is given by

1 1
Mi(z) = E(l +z+ 22)2§{4 + 19z + 212% — 423 — 4z* + 212° + 192° + 427},
5

We have to find

M1 (1)
2 and t =71+ u By taking the derivative of M1 (Z) we get

=
(M))1(2) = ﬁZ(l +z+2z5)(1+ 22);{4 + 19z + 212% — 423 — 4z* + 212° + 192° +
5
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427} + - (1+ 2+ 22)2 {19 + 42z — 122% — 162° + 1052* + 11425 + 282°}. (82)
By substituting z = 1, we get

ey < 33
%( ) - 2 -
So that
Mé(l) 33
T= = —
m 6
And
1—T
t =71+ < )
m]
. 33
;33 (=G
t]- = ? + T

. e 1.
Hence the 4-point relaxed ternary subdivision scheme at f = s s dual.

Parametrization at M s
10

The Laurent Polynomial of the 4-point ternary subdivision scheme at f§ = %, is given by

1 1 i
M3 (2) = E(l +z+ zz)zg{l + 11z + 192% + 923 + 9z* + 192° + 112° + z7}.
10

We have to find
Ms ) ( 2
T=-—— and tl = 7 + —— By taking the derivative of M 1(2), we get
- y taking g

Ms3)i(2) = %2(1 +z+z9)(1+ ZZ)E{l + 11z 4+ 192%2 + 923 + 92* + 192° + 112° +
10

27} +— (1 +z +22)? - {11 + 38z + 2722 + 362° + 952* + 662° + 7z}, (83)
By substituting z = 1, we get
My (1) 33
3 =5
10 2
So that
M%(l) 33
T= =—
m 6
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And
(i—1)

i _

L

. 33
.33 (-(F)
h=s*t 3

. e 3 .
Hence the 4-point relaxed ternary subdivision scheme at f = 518 dual.

Table 3: Parametrization of our Scheme at different values of parameter.

B Parametrizatio
n

Dual

Dual

Dual

Dual

Dual

S| w| vl =) s e Wi e

7. Degree of polynomial generation at Mz

Theorem 13: Degree of polynomial generation of 4-point ternary scheme.

Proof. the Laurent polynomial the scheme (Mg),(2)

Mg(z) = i(l +z+22){(2-6B)z°+ (7 —16B)z* + (5 —4B)z* + (—6 + 26B)z> +
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(—6+26B)z* + (5 —4B)z° + (7 — 168)z° + (2 — 6B)z"}. (84)
By taking its maximum common factors, we have
(Mp)1(2) = (1 + 2+ z*)"*'b(2)
where
1
b(z) = E{(Z —68)z° + (7 —16B)z  + (5 —4B)z* + (—6 + 26B)z> + (—6 + 26B)z* + (5
—4B)z° + (7 —16B)z° + (2 — 6B)z”}.
So the degree of polynomial generation is 1.

Degree of polynomial generation at M1
2

Theorem 14: Degree of polynomial generation of 4-point ternary scheme.
Proof. the Laurent polynomial the scheme (M1);(z)
2
1
Mi(z) = E(l +z+22){-1—z+322+ 723+ 72z* + 325 — 26— 27}.
2
By taking its maximum common factors, we have
(M1)1(2) = (1 +z+2z*)'"*'b(2)
2
where
1
b(z) = E{—l —z+322+ 7234+ 72z + 32° — 26 — 77},
So the degree of polynomial generation is 1.

Degree of polynomial generation at M1
3

Theorem 15: Degree of polynomial generation of 4-point ternary scheme.

Proof. the Laurent polynomial the scheme (M1),(z)
3

1 1
Mi(z) = E(l +z+ 22)25{52 + 1122 + 823 + 8z* + 1125 + 5z°}.
3

By taking its maximum common factors, we have

(M1)1(2) = (1 +z+2z*)'"*b(2)

where
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b(z) = L{52 + 1122 + 823 + 8z* + 112° + 52°}
144 '

So the degree of polynomial generation is 1.

Degree of polynomial generation at M1
4

Theorem 16: Degree of polynomial generation of 4-point ternary scheme.
Proof. the Laurent polynomial the scheme (M1),(z)
4
1 1
Mi(z) = E(l +z+ 22)25{1 + 6z + 822+ 23+ z* + 82° + 62 + z7}.
73
By taking its maximum common factors, we have
(M1)1(2) = (1 +z+ z5)™b(2)
1
where
1
b(z) = %{1 + 62+ 82% + 73 + z* + 82° + 62° + z7}.

So the degree of polynomial generation is 1.

Degree of polynomial generation at M1
5

Theorem 17: Degree of polynomial generation of 4-point ternary scheme.

Proof. the Laurent polynomial the scheme (M1);(z)
5

1 1
Mi(z) = E(l +z+ 22)2§{4 + 19z + 212% — 423 — 4z* + 212° + 192° + 427},
5

By taking its maximum common factors, we have
(M1)1(2) = (1 +z+2z*)'"*b(2)
5
where
1
b(z) = m{4 + 19z + 212% — 423 — 4z* + 212° + 192° + 427},

So the degree of polynomial generation is 1.

VOLUME 18, ISSUE 8, 2024 https://www.lgjdxcn.asia/
192-274




ISSN No: 1008-0562 O latiunal. Science Eoddition

Degree of polynomial generation at M 3
10

Theorem 18: Degree of polynomial generation of 4-point ternary scheme.
Proof. the Laurent polynomial the scheme (M s),(z)
10
1 1
M3 (2) = E(l +z+ zz)zg{l + 11z 4+ 1922 + 923 + 9z* + 1925 + 11z° + z7}.
10

By taking its maximum common factors, we have
M3)1(2) =1 +2z+2*)"b(2)
10
where
1
b(z) = m{l + 11z + 1922 + 923 + 9z* + 192° + 112° + z7}.

So the degree of polynomial generation is 1.

Table 4: Degree of generation of our Scheme at different values of parameter.

B Degree of
generation

1

Slw ull = DR Wl R N -

8. Degree of polynomial reproduction of 4-point ternary subdivision scheme.
In this section, we will discuss the ability of polynomial reproduction of 3-point quaternary

subdivision scheme.
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Degree of polynomial reproduction at Mg

Theorem 19: A convergent subdivision scheme reproduced polynomial of degree ’d’ w.r.t

!

Mp(1)

parametrization with 7 = , iff, it satisfies the two conditions.

M) =m] [ @ -8
=0

And
(Mg)*(ay,) = 0.
Where
. 2mip
a7]n =e m

Proof. The Laurent polynomial of 4-point of ternary subdivision scheme is.

Mg(z) = i(l +z4+2z2)2{(2-6B)z° + (7 —16B)z' + (5 — 4B)z* + (—6 + 26B)z3 +
(—6+26B)z* + (5 —4B)z°> + (7 —16B)z° + (2 — 6p)z7}. (85)
By substituting z = 1 we get Mﬁ(l) =3

M) =m] [ -0
£=0

For k=0,£=0 and m = 3
0-1
0 33
M) =3] [ -0,
0=0
After simplifying, we get 3 = 3 (satisfied) And
(Mp)*(ay,) = 0.
Forj=1,k=0and m=3
(Mp)°(a3) = 0.
n
Mﬁ(eZ) = 0.
Forj=2k=0and m=3
(Mg)°(a3) = 0.
Mp(e™) = 0.
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For j =3,k =0 and m =3
(Mp)°(a3) = 0.

3nf
Mﬁ(e 3 )=0

(Mg)i(2) = %2(1 +z+4+2z2)(1+22){(2—-6B)z° + (7 —16B)z* + (5 — 4B)z* +
(=6 +26B)z% + (=6 + 26B)z* + (5 —4B)z° + (7 — 16B)z° + (2 — 6B)z"} + % (1+z+
22)2{(7 — 16B) + 2(5 — 4B)z* + 3(—6 + 26B)z% + 4(—6 + 26B)z3 + 5(5 — 4B)z* + 6(7 —
16B8)z° + 7(2 — 6B)z°}. (86)
By substituting z = 1 we get Mg(1) = 32—3

1
We know that, T = —— ﬁ()

Substituting the values of m and Mg (1), we have

33
=%

M) =m] [ -8
£=0

Fork=1,f=0and m=3

1-1 33
My(1) = 3 1_[ (-0

33
= 3(—)

After simplifying, we get 32—3 = 32—3 (satisfied)
And
(Mp)*(a) = 0.
For j=1,k=1and m =3
Mp(a3) = 0.
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Mj(e2) = 0.
For j=2k=1and m=3
Mg (a3) = 0.
Mg (e™) = 0.
Forj=3,k=1and m=3
Mp(a3) = 0.
M[;(e%ﬁ) = 0.

Degree of polynomial reproduction at M1
2

Theorem 20: A convergent subdivision scheme reproduced polynomial of degree ’d’ w.r.t

My (1)

in , iff, it satisfies the two conditions.

parametrization with 7 =

k—1
M4 = mﬂ (t— ).

And
(M1)*(a}) = 0.
2
Where
, 2Tip
ain =e m

Proof. The Laurent polynomial of 4-point of ternary subdivision scheme is.
1
Mi(z) = E(l +z+22){-1—z+322+ 723 +72z* + 325 — 25— 27}.
2

By substituting z = 1 we get M1(1) = 3
2
k-1
k) =m] [ @ - o).
2 =0

For k=0,£=0 and m = 3
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. 0-1 33
M’ =3] [ E-0).
5 6
0=0
After simplifying, we get 3 = 3 (satisfied) And
(MD)*(ah) = 0.
2

Forj=1,k=0and m=3

For j =2,k =0 and m =3
(M1)°(a3) = 0.
2
Ml(e”f) = 0.
2
For j =3,k =0 and m =3
(M1)°(a3) = 0.
2

3me
Mi(e 3)=0.
2

(M) (2) = iZ(l +z+2z2)(1+22){-1—2z+322+7234+72z* +32°—2z6—27} +
2
—(1+ 2+ 22)*{(—1+ 62 + 212 + 282° + 152* — 625 — 725}, (87)

By substituting z = 1 we get M1(1) = 32—3
2

Mi(D)
We know that, T = fn

Substituting the values of m and Mi(1), we have
2

33
=%

k—1
M4 = mﬂ (t—?).
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Fork=1,f=0and m=3
1-1
, 33
Mi(1) =3 1_[ -0
2 0=0

33 3 33
- =3(3)
e 33 _ 33 .
After simplifying, we get =5 (satisfied)
And
(M1)*(ap) = 0.
2

For j=1,k=1and m=3

Mi(a3) = 0.
2
, . I
Ml(eZ) = 0.
2
For j=2,k=1and m=3
Mj(a3) = 0.
2
Mi(e™) = 0.
2
Forj=3,k=1and m=3
Mi(a3) = 0.
2
, 3t
Ml(e 3 ) = 0.
2

Degree of polynomial reproduction at M1
3

Theorem 21: A convergent subdivision scheme reproduced polynomial of degree ’d’ w.r.t

Mi(D)

fn , iff, it satisfies the two conditions.

parametrization with 7 =

k-1
M =m| [ -
=0

And
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(M1)*(a,) = 0.

Where

21ip
=e m

J
Am

Proof. The Laurent polynomial of 4-point of ternary subdivision scheme is.

1 1
Mi(z) = E(l +z+ 22)25{52 + 1122 + 823 + 8z* + 112° + 52°}.
3

By substituting z = 1 we get M1(1) = 3
3

k-1
k) =m] [ @ - o).
3 =0
For k=0,£=0 and m = 3
0-1
0 33
M’ =3] [ E-o).
3 6
0=0
After simplifying, we get 3 = 3 (satisfied) And
(M)*(ap) = 0.
3
For j=1,k=0 and m =3
(M1)°(a3) = 0.
3

Mi(eZ) = 0.

3
Forj=2k=0and m=3
(M%)O(Cﬁ) = 0.
Mi(e™) = 0.
3
For j =3,k =0 and m =3
(M%)O(ag’) = 0.

3me
Mi(e 3)=0.
3

(MD)(2) = =2(1 + z + 22)(1 + 22) 5 {52 + 1122 + 82 + 82* + 1125 + 525} + — (1 +
3
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2+ 222 {5 + 22z + 242% + 322° + 552* + 3025,
By substituting z = 1 we get Mi(1) = 32—3
3

Mi(1)

We know that, T =

Substituting the values of m and Mi(1), we have
3

33
T=—

6
k—1
(MDD = mﬂ (T o).

For k=1,£=0and m =3

1-
1—[ 33
Mi(l) =3 ?— 0)
3 0=0

33
=3

After simplifying, we get 32—3 = 32—3 (satisfied)
And
(MD)*(ah) = 0.
3

Forj=1,k=1and m=3

Mi(a3) = 0.
3
, . I
Ml(eZ) = 0.
3
Forj=2k=1and m=3
Mj(a3) = 0.
3
Mi(e™) = 0.
3
For j=3,k=1and m=3
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Mi(a3) = 0.
3

, smt
M1(€3)=0.
3

Degree of polynomial reproduction at M1
4

Theorem 22: A convergent subdivision scheme reproduced polynomial of degree ’d’ w.r.t

Mi(1)
‘:n , iff, it satisfies the two conditions.

parametrization with 7 =

k—1
(MDD = mﬂ (t— ).

And
(M%)k(a,’;l) =0.
Where
&= e

Proof. The Laurent polynomial of 4-point of ternary subdivision scheme is.
1 1
Mi(2) = E(l +z+ 22)25{1 + 6z + 8z% + z3 + z* + 82° + 62° + z7}.
4

By substituting z =1 we get M1(1) = 3
4
k-1
k) =m] [ @ - o).
* =0
For k=0,f=0and m=3
0-1
0 33
M’ =3] [ E-0).
a 6
0=0
After simplifying, we get 3 = 3 (satisfied) And

(M1)*(a},) = 0.
4

Forj=1,k=0and m=3
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(M1)°(a3) = 0.
4

Mi(eZ) = 0.

4
Forj=2k=0and m=3
(M1)°(a3) = 0.
4

Mi(e™) = 0.
4
Forj=3,k=0and m=3
(M1)°(a3) = 0.
4
3nt
Mi(e 3) = 0.
4
(M)i(2) = -2(1+ 2+ 22)(1+22) 5 {1+ 62+ 822 + 2° +2* +82° + 62 + 27} + (1 +
4

z+22)2~{6 + 162 + 322 + 4z° + 40z* + 362° + 7z}, (89)

By substituting z = 1 we get M1(1) = 32—3
4
Mi(1)
We know that, T = ;‘n

Substituting the values of m and Mi(1), we have
4

33

T=—

6
k—1

(MDD = mﬂ (t— ).

For k=1,=0and m =3

, 33
M =3| | (-0
4
0=0
33 3 33
2 =35
. . 33 33 .
After simplifying, we get 5 =5 (satisfied)
And
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(M1)*(al,) = 0.

For j=1,k=1and m=3

Mi(a3) = 0.
4
, . I
Ml(eZ) = 0.
4
For j=2,k=1and m=3
Mj(a3) = 0.
y
Mi(e™) = 0.
4
Forj=3,k=1and m=3
Mi(a3) = 0.
4
3mé
M;i(e3) =0.
4

Degree of polynomial reproduction at M1
5

Theorem 23: A convergent subdivision scheme reproduced polynomial of degree ’d’ w.r.t

M1 (1)

‘;’n , iff, it satisfies the two conditions.

parametrization with T =

k-1
M =m| [ -2
=0

And
(Mg‘(a{n) = 0.
Where
&=

Proof. The Laurent polynomial of 4-point of ternary subdivision scheme is.
1 1
Mi(z) = E(l + z + z2)? §{4 + 19z + 212% — 423 — 4z* + 212° + 192° + 427},
5

By substituting z = 1 we get M1(1) = 3
5
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k-1
M) =m] [ -
> =0
For k=0,f=0and m=3
0-1
0 33
(M1)°(1) = 3 1_[ = - 0).
T 6
0=0
After simplifying, we get 3 = 3 (satisfied) And
(MD)*(ah) = 0.
5

Forj=1,k=0and m=3
(M1)°(a3) = 0.
5

M1(e2) = 0.

5
For j =2,k =0 and m =3

(M1)°(a3) = 0.
5
Ml(e”f) = 0.
5
For j =3,k =0 and m =3
(M1)°(a3) = 0.
5
3mt
Mi(e 3)=0.
5
(MD)1(2) = =2(1 + 2+ 22)(1 + 22) = {4 + 192 + 2122 — 42 — 4z* + 2125 + 1925 +
5
427} + - (1+ 2+ 22)2 {19 + 42z — 122% — 162° + 1052* + 11425 + 282°}. (90)

By substituting z = 1 we get M1(1) = 32—3
5
M1(1)
We know that, 7 = jn

Substituting the values of m and Mi(1), we have

_ 33
=%
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k-1
M) =m] [ -0
> =0

Fork=1,f=0and m=3
1-1
, 33
Mi(1) =3 1_[ -0
5 0=0

33_333
2 (6)

After simplifying, we get 32—3 = 32—3 (satisfied)
And
(MD)*(ap) = 0.
5

For j=1,k=1and m=3

Mj(a3) = 0.
5
T
M;(e2) = 0.
5
For j=2,k=1and m=3
Mj(a3) = 0.
5
Mi(e™) = 0.
5
Forj=3,k=1and m=3
Mj(a3) = 0.
5
3mé
M;i(e3) = 0.
5

Degree of polynomial reproduction at M 3
10

Theorem 24: A convergent subdivision scheme reproduced polynomial of degree ’d’ w.r.t

M5 (1)
parametrization with 7 = 17‘:1 , iff, it satisfies the two conditions.
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k-1
M3y =m| [ @~
=0

And
(M3)*(al) = 0.
10
Where
. 2mip
a7]n =e m

Proof. The Laurent polynomial of 4-point of ternary subdivision scheme is.
1 1
M3 (2) = E(l +z+ Zz)zg{l + 11z + 1922 + 923 + 9z* + 192° + 11z° + z7}.
10

By substituting z =1 we get M3 (1) =3
10

k-1
Mk =m| [ @-o.
10 0
For k=0,f=0and m=3
0-1
0 33
Mz =3] [ -0
10
0=0
After simplifying, we get 3 = 3 (satisfied) And
(M3)*(ap) = 0.
10
For j=1,k=0 and m =3
(M3)°(az) = 0.
10

For j =2,k =0 and m =3
(M3)°(a3) = 0.
10
Mi(e’”’) = 0.
10
For j =3,k =0 and m =3
(M3)°(a3) = 0.
10
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(M3)1(2) = —2(1 +z + z2)(1 + 22) {1 + 11z + 192% + 92° + 9z* + 1925 + 112° +
10
27} + —(1+z +22)? - {11 + 38z + 2722 + 362° + 952* + 662° + 7z}, (91)

By substituting z = 1 we get M5 (1) = 32—3
10
M5 (1)
We know that, T = 1:’1

Substituting the values of m and M’ (1), we have 7 = ?
10

k-1
M@ =m| [ @-o.
10 =0
For k=1,=0and m =3
1-1
, 33
M's (1) = 31_[ 0.
1o o0 ©

33_333
2 (6)

After simplifying, we get 32—3 = 32—3 (satisfied)
And
(M3)*(ah) = 0.
10

Forj=1,k=1and m=3

M5 (a3) =
10
T
M’3 (82) =0
10
Forj=2k=1and m=3
M’3 (a%) =0
10
M’3 (e”{)) =0
10
Forj=3,k=1and m=3
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M's (a3) = 0.

10

,  amt
M3(€3)=0.
10

9. Limit stencils of a 4-point ternary subdivision scheme at Mg
Theorem 25: To find the limit stencil of parametric 4-point ternary subdivision scheme.

Proof. We will put m = 0 in the given subdivision scheme and we get,

Rt = (% - %)hi1 + (%1 + %)hg + (% - %)h{ + (% — %)ht,
ho'" = (%—%)hil + % +%)h6 + (g+ %)hi + (%— %)hé,
RE¥ = (= hEs + (o~ RS 4 (o e+ oo = Py,
We will put m = 1 in the given subdivision scheme and we get,
¥ = (oo = a5 + (g~ RS + (oo = -5 hS + (g = M
hst = (%—%)hé + % +%)hi + (g+ %)hé + (%— %)hé,
R = (%— %hs + (%—%hi + (%1+ %)hs + (%—%)hé.

The subdivision matrix of the scheme defined by is
11 786 13 7B 13 786 11 7B

. 48" 12 48 12 48 12 48 12|
h0\ 1 18 29 78 -1 178 25 9B |[hé

t+1 a4 o o o
hi

24°8 48 8 6 8 a8 8 ||
R+ 25 98 -1 178 29 78 1 1B || K
ht+1/ 1o a = a 1o a EY RN

L 88 67 8 48 8 24 8 |\
11 78 13 78 13 78 11 7B

48 12 48+12 48+12 48 12

N~——_

It can also be written as.
ht+1 =S ht.
Now we find subdivision matrix "S" of given scheme is
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11 78 13 78 13 78 11 78

48 12 48 12 48 12 48 12
1 18 29 78 -1 178 25 9B

24" 8 48 8 617 8 18 8
25 98 -1 178 29 78 1 1B

18 8 6 8 48 8 24 8
11 78 13 78 13 78 11 7B

48 12 48+12 48+12 48 12

we find eigen value’s and eigen vector’s of matrix "S" Now we shall compute the eigen

decomposition of subdivision scheme. For this

0

1

A 3 +37
B g 48 |
B 5

12 48

The matrix of eigen vector conversing to eigen value is has

0 1 1 —1
| 4 3208-9 48 — 23
2134288 1448 — 37

Q= ., 3208-9 asg-23 |
213+ 288 1448 —37

0 1 1 1
As we know that eigen decomposition of S is,
S=RAQ,
Let:
0
[
| 3427 |
A Prag |
g 5
12 48

Hence the diagonal matrix of eigen value can be written as,
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0° 0 0 0
/ (D° o 0 \
e | 37 |
A*=10 0 (=36 +29° 0 |
ko 0 0 (———)e/
Therefore,
0 0 0 O
im@={0 o 0 o
0O 0 0 O

Let the matrix of eigen vectors corresponding to the eigen value is,

0 1 1 —1
, 32089 48 — 23
2134288 1448 — 37

sz , 3206-9 486-23 |

213 + 288 144B — 37
0 1 1 1

And inverse matrix Q!

1 488 —-23 -1 1 —1 488 — 23
2 1448 —37 2 2 2 144p — 37
3208 -9 134+288  13+4+288 3208 -9
0= 248 — 53 48 — 53 48 —53 248 —53
134+288 13+288 13 +28pB 13 + 28p8
48 — 53 48 — 53 48 — 53 48 — 53
-1
_ 0 0 —_
2
Since
lim (§)¢ = R Qlim (A)¢,
e—00 e—>0o
Implies that
0 1 1 -1
- 3 208 -9 486-23\ /0 0 0 o
lim (AY¢ = 213+288 144837 ([0 1 0 0
Qlim (4)° = .4 3208-9 488-23 000 0f
213 + 285 144F — 37 0 0 0O
0 1 1 1
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0100
. . [0 1 0 0
QMm@ =1y 1 0 o
0100
More implies.
1 488 — 23 ~1 1 —1 488 — 23
2 1445 — 37 2 2 2 1448 — 37
010 0 3208 — 9 13+288 13+288  3208—9
ok e [0 1 00 248 — 53 46—53  4B—53  24f —53
Q™ Qlim(4) 0100 13+288 13+288 13 +288 13 + 288
0100 48 —53 4B —53 48 — 53 48 — 53
~1
- 0 0 -
3208—9 13+288 134288 3208 -9
248 —-53 48 —53 4B —53 24 —53
he 3208—9 13+288  13+288 3208 -9 hg\
h\ | 248-53  4B8-53 48 —53 248-53| | R
he | 71 3208—-9  13+288  13+288 3208-9| |nS
hs’ 248 —53 48 —53 48 —53 248 —53 hd
3208—9 13+288  13+288 3208 -9
248 —-53 48 —53 4B —53 24 —53
3208—-9  13+288  13+288 3208 -9
248 — 53 48 — 53 4B —53 24B —53
3208—-9  13+288  13+288 3208 -9
. _ 248 —53 48 — 53 4B —53 24B —53
e e __
Im@®)° =R QIm@A)* =1 350p 9 134288 134288 3208—9 |
24B — 53 48 — 53 4B —53 24B —53
3208—9  13+288  13+288 3208 -9
24B—-53 4B —53 4B —53 24B —53
This implies that limit stencils.
_ 3208—-9 134288  13+288 3208 -9
11m(§)e=<— - )
e—co 248 -53 48 —53 48 —53 24B—53
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Limit stencils of a 4-point ternary subdivision scheme at M1
2

Theorem 26: To find the limit stencil of parametric 4-point ternary subdivision scheme.

Proof. We will put m = 0 in the given subdivision scheme and we get,

-1 43 1 -1
ht+1:_ht _ht _ht _ht
1724 ‘1+48 °+6 1+48 z

-1 9 9 -1
ht+1 — _ht _ht _ht _ht
0 16 ‘1+16°+161+16 z

-1 1 43 -1
ht+1 — _ht _ht _ht —ht.
! g 1ttt gt o
We will put m = 1 in the given subdivision scheme and we get,

-1 43 1 -1
ht+1 — _ht _ht _ht —ht,
2 24 °+481+62+48

-1 9 9 -1
ht+1 — _ht _ht _ht _ht
3 16 °+161+162+16 3

-1 1 43 -1
t+1 t 4 Zpt t 4
hé g tehi+ghe + 505

The subdivision matrix of the scheme defined by is

1 9 9 1
16 16

t+1 16 t
hé 1 1 43 1 | [ho
hi™ 1 _| 28 6 48 24 |[hi
hé“ 1 43 1 1 h§
h§+1/ 24 48 6 48 h§/

1 9 9 1
16 16 16 16
It can also be written as.
ht+1 — Sht.

Now we find subdivision matrix "S" of given scheme is
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1 9 9 1
16 16 16 16
1 1 43 1

S = 48 6 48 24
1 43 1 117
24 48 6 48
1 9 9 1
16 16 16 16

we find eigen value’s and eigen vector’s of matrix "S" Now we shall compute the eigen

decomposition of subdivision scheme. For this

0

1
35

ol
1
16

The matrix of eigen vector conversing to eigen value is has

0 1 1 -1

A=

11 1 1
0= 18 35
1 1 1 1
18 35
0 1 1 1
As we know that eigen decomposition of S is,
S=RAQ,
Let:
0
1
35
A= 28 |
1
16

Hence the diagonal matrix of eigen value can be written as,
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0 0 0 0
(0 (D 0 0 \

A°=10 0 (—ie 0 :
k 35 |

1
0 0 0 ——e/
-1
Therefore,

0 0 0 O
. e_[0 1 0 O
Im@* =19 0 0 o

0 0 0 O

Let the matrix of eigen vectors corresponding to the eigen value is,
0 11 -1
(a1
0= ! 18 35
l, L2 |
18 35 /
0 1 1 1

As we know that eigen decomposition of S is,

S=RAQ,
And inverse matrix Q71 is,
1 1 1 1
70 2 2 70
1 9 9 1
01 = 34 17 17 34
9 9 9 9
17 17 17 17
1 0 0 1
2 2
Since
lim (§)¢ = R Qlim (A)¢,
e—>0oo e—>0oo
Implies that
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0 11 -1
/_11i_i 0 00O
: e _ | 18 351[(0 1 0 0
QlL‘?o(A)_l O lo 0 0 o
Eﬁ/oooo
0 1 1 1
Again implies that
010 0
. . [0 1 0 0
Qim@A)*=1¢ 1 ¢ o
010 0
More implies.
1 1
70 2 2 70
010 0 1 9 9 1
oave_ [0 1 0 0| 732 17 17 32
Q7 QlmMA)* =14 1 ¢ o] 9 9 9 9
01 0 0/]17 17 17 17
1
—— 0 0o =
2
1 9 9 1
34 17 17 34 .
he 1 9 9 1 |/ho
h\_| 34 17 17 34 || W
hy 1 9 9 1 || ne
h3’ 34 17 17 34 h§/

: e : e
Im@®°=RQlm(A)° =1 5" g 49 7

This implies that limit stencils.
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e (1 9 9 1
lim (8) _<_§ 7 17 —ﬂ)-

Limit stencils of a 4-point ternary subdivision scheme at M1
3

Theorem 27: To find the limit stencil of parametric 4-point ternary subdivision scheme.

Proof. We will put m = 0 in the given subdivision scheme and we get,

7 13 5
ht_-'il =Eh£1 +ﬁh6 +Ehi + 0,

5
he,

> ht +67 hf+67ht+
-1 0 17144

ht+1:
0 144 144 144
5 13 7
t+1 _ Kt Tt 4~ gt
ht —0+16h0+24h1+48h2.

We will put m = 1 in the given subdivision scheme and we get,
=L > h; +0
48 ° 24t 16 2

t+1
hs

5
h%,

5 67 67
ht+1 — ht ht ht
3 0 + 1 + 2 + 144

144 144 144

5 13 7
hi*t =0+ —h! +—hs +—hi.

16 24 48
The subdivision matrix of the scheme defined by is
5 67 67 5
- 144 144 144 144 .
/ hb \ , 5 18 7 / hb \
hi' 16 24 48 || M
hitt 7 13 5 0 h
hitl 48 24 16 h
5 67 67 7

It can also be written as.

ht+1 — Sht

144 144 144 48

Now we find subdivision matrix "S" of given scheme is
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5 67 67 5

144 144 144 144
0 5 13 7

g— 16 24 48

7 13 5 0

48 24 16
5 67 67 7

144 144 144 48

we find eigen value’s and eigen vector’s of matrix "S" Now we shall compute the eigen

decomposition of subdivision scheme. For this

/(1)11\‘

A= — E |
11
144
The matrix of eigen vector conversing to eigen value is has
0 1 1 -1
1 1 21 7
0= 134 11
1 1 21 7
134 11
0 1 1 1
As we know that eigen decomposition of S is,
S=RAQ,
Let:
0
i)
11
A= 18 |
11
144

Hence the diagonal matrix of eigen value can be written as,
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¢ o 0 0
/ 0 (e o 0 \
A= ! 0 0 (— E)e 0 I.
48 l
0 0 0 . /
( 144)
Therefore,
0 0 0 O
. e_[O0 1 0 O
Im@®"=19 0 0 o
0 0 0 O
Let the matrix of eigen vectors corresponding to the eigen value is,
0 1 1 -1
11 21 7
0= 134 11
1 21 7
134 11
0 1 1 1
And inverse matrix Q71 is,
7 -1 1 7
22 2 2 22

21 67 67 21
310 155 155 310

Q~'=
67 67 67 67
155 155 155 155
-1 0 0 1
2 2
Since
lim (§)¢ = R Qlim (A)¢,
e—>00 e—0o
Implies that
0 1 1 -1
11 _2 l 0 0 0 O
. e _ 134 11 01 0 O
Qlim (4)° = ., .2t _74lo 000
134 11/\0 0 0 O
0 1 1 1
Again implies that
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010 0
. . [0 1 0 0
Qlim@A)* =1y 1 0 o
010 0
More implies.
7 -1 1 7
22 2 2 22
01 0 0 21 67 67 21
o . [0 1 0 0o)\l|310 155 155 310
Q7 Qim@A)* =1y 1 o ol 67 67 67 67
01 0 0/]7155 155 155 155
s ) 1
2 2

21 67 67 21

310 155 155 310| ,

he 21 67 67 21 |/[ho

h" | _|310 155 155 310 || A1

he 21 67 67 21 || A

h3’ 310 155 155 310 hg/
21 67 67 21

310 155 155 310

21 67 67 21
310 155 155 310
21 67 67 21

e m ot e | 310 155 155 310
lim(®)® =R Qlim(A)° =| 1" 67 67 21

310 155 155 310
21 67 67 21

310 155 155 310

This implies that limit stencils.

(21 67 67 z1>
310 155 155 310/

Limit stencils of a 4-point ternary subdivision scheme at M1
4

lim (§)¢ =

e—>o

Theorem 28: To find the limit stencil of parametric 4-point ternary subdivision scheme.

Proof. We will put m = 0 in the given subdivision scheme and we get,
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23 35 37 1
t+1 _ t
hov =gl 96h° "3 hi + 96h2’
1 5 5 1
t+1 __ t
o™ =gt g Zht 12 hi + 12 2"
1 37 35 23
t+1 _ t
™ =gl 96h°+96h1+96h2
We will put m = 1 in the given subdivision scheme and we get,
hitt = 23h +35h +37h + 1h
96 ° 96 ' 96 * 96

1 5 5 1
ht+1 ht —h _ht —ht,
12 + 12 1 + 12 + 12

1 37 35 23
t+1 _ t 20 oYt _t
hj 96h +96h1+96h +96h

The subdivision matrix of the scheme defined by is

1 5 5 1

. 12 12 12 12 .
ho\‘ 1 37 35 23 |/RS

_196 96 96 96 || hi
hg+1/ 23 35 37 1 [|n&t

t+1
hi

h&*H 9% 96 96 48 | \ht
1 5 5 1

12 12 12 12

N—

It can also be written as.
ht+1 =S ht.
Now we find subdivision matrix "S" of given scheme is

1 5 5 1
12 12 12 12
1 37 35 23
96 96 96 96
23 35 37 1
96 96 96 48
1 5 5 1
12 12 12 12

we find eigen value’s and eigen vector’s of matrix "S" Now we shall compute the eigen
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decomposition of subdivision scheme. For this
0
1
1

A= E |
1
12

The matrix of eigen vector conversing to eigen value is has

0 1 1 ~1
11 -~ —11

0= 10
1 1 —— 11

10

0 11 1

As we know that eigen decomposition of S is,

S=RAQ,
Let:
0
(1)
1
A= 18 .
1
12

Hence the diagonal matrix of eigen value can be written as,

/(0)6 0 0 0

0 (e o 0 \
Aezl 0 0 (i)e 0 I.
48 |
0 0 0 ! e/
-3z
Therefore,
0 0 0 O
. e [0 1 0 O
Im@* =19 0 0 o
0 0 0 O

Let the matrix of eigen vectors corresponding to the eigen value is,
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_ | 10
’7 1 1 3 11 |
10 /
0 1 1 1
And inverse matrix Q71! is,
11 1 1 11
2 2 2
3 5 3
Q1= 26 13 13 26
5 5 5 5
13 13 13 13
-1 0 0 1
2 2
Since
lim (§)¢ = R Qlim (4)¢,
e—0o e—>0o
Implies that
0 1 1 -1
3
11 - -1l ) g
Qlim (8)° = 3 0 0 0
e—>oo
1 T 11 0 0 0
0 1 1 1
Again implies that
01 0 0
: e_[0 1 0 O
Qim@™ =1y 1 0 o
01 0 0
More implies.
11 1
2 2
010 0\|3 5 5
1 A e_[0 1 0 01}]26 13 13
e QIm@ =1y 1 0 o] 5 5
01 0 0/]13 13 13
L0 0
2
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3 5 5 3
[oe) 26 13 13 26 0
" / 3 5 5 1\ o
hl — 26 13 13 26 hl
Ml 55 sl
RS\s s s 3 hg/
26 13 13 26
3 5 5 3
26 13 13 26
3 5 3
; e _ . e __| 26 13 13 26
Im@®" =R Qlm@A)" =175 T 5 3
26 13 13 26
3 5 3

This implies that limit stencils.

hm()e—<3 5 5 3)
e 26 13 13 26

Limit stencils of a 4-point ternary subdivision scheme at M1
5
Theorem 29: To find the limit stencil of parametric 4-point ternary subdivision scheme.

Proof. We will put m = 0 in the given subdivision scheme and we get,

pest = 71 7L 31 31, +103h Es 1 1
240 120 07240 60 ¥
9 31 31 9
t+1 __ t
ho soh 60 e/t a0 60 hi + 80 80"
1 103 31 71
t+1 _ t t t t
h 60h 240 ho + 120 hy + 240 hez.
We will put m = 1 in the given subdivision scheme and we get,
71 1 03 1
ht+1 ht ht ht h ,
240 °+120 1+240 2t 60 °
hitt = 9h +31h +31h 9h
80°° 60 ' 60 2t 80
1 03 1 71
t+1 t t t
hy " 60 Gl t 240 hy + 120 ha + 240 hs
The subdivision matrix of the scheme defined by is
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9 31 31 9
. 80 60 60 80|,
hé \ 1 103 31 71 | /RS

h{*t 60 240 120 240 || A
hit 71 31 103 1 ||nt

h§+1/ 240 120 240 60 |\n:
9 31 31 9

80 60 60 80

It can also be written as.
ht+1 — Sht.
Now we find subdivision matrix "S" of given scheme is
9 31 31 9
80 60 60 80
1 103 31 71

60 240 120 240
71 31 103 1

240 120 240 60
9 31 31 9

80 60 60 80

we find eigen value’s and eigen vector’s of matrix "S" Now we shall compute the eigen

decomposition of subdivision scheme. For this

- 80

The matrix of eigen vector conversing to eigen value is has

0 1 1 -1
/ 25 67

0= ! 62 41 |
., 25 67 |
62 41 /
0 1 1 1
As we know that eigen decomposition of S is,
S=RAQ,
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Let:
0
1
41
=1 240 |
7
80
Hence the diagonal matrix of eigen value can be written as,
¢ 0 0 0
0 (e o 0
A°=10 0 (41 )¢
240
0 0 0 ay
(350
Therefore,
0 0 0 O
: e_[0 1 0 O
Mm@ =10 0 0 o
0 0 0 O
Let the matrix of eigen vectors corresponding to the eigen value is,
0 1 1 -1
11 25 67
0= 62 41
1 1 25 67 |
62 41
0 1 1 1
And inverse matrix Q71! is,
67 -1 1 67
82 2 2 82
25 31 31 25
Q1= 174 87 7 174
31 31 31 31
87 87 87 87
-1 0 0 1
2 2
Since
lim (§)¢ = R Qlim (A)¢,
e—0o e—>oo
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Implies that
0 1 1 -1
/ 11 25 67 0 0 0 O
- e_| 62 411[0 1 0 0O
Qlim (A)° = 25 67 Ilo 0 0 o0
11 -= 3 ‘/ 0000
0 1 1 1
Again implies that
010 0
. e [0 1 0 0
QIm@)* =145 1 0 o
010 0
More implies.
67 -1 1 67
82 2 2 82
01 0 0 25 31 31 25
R e_[0 1 0 0\l174 87 87 174
QU QIm@* =1y 1 ¢ of[31 31 31 31
0 1 0 0/]|87 87 87 87
-1 0 0 1
2 2
25 31 31 25
174 87 87 174 .
hy 25 31 31 25 |/[ho
h* \_ 1174 87 87 174 || M
hy 25 31 31 25 || AY
hs’ 174 87 87 174 h§)
25 31 31 25

174 87 87 174

25 31 31 25
174 87 87 174
25 31 31 25
- e _ : e_| 174 87 87 174

lm(§° =R QLm(A)° = 5" 37 31 25 |
174 87 87 174
25 31 31 25
174 87 87 174
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This implies that limit stencils.

(25 31 31 25)

lim (§)¢ =
®) 174 87 87 174

e—>oo

Limit stencils of a 4-point ternary subdivision scheme at M 3
10

Theorem 30: To find the limit stencil of parametric 4-point ternary subdivision scheme.

Proof. We will put m = 0 in the given subdivision scheme and we get,

11 113 41 1
Rttt =—ht, + —h{+—ht + —h,

60 1 240°° 120 240
13 107 10 13
ht+1 ht h ht ht,
240 1t 240 ot 240 240 2
1 41 113 11
it = —nt, +——hi + —ht + —hd.
240 120°° 240! " 60

We will put m = 1 in the given subdivision scheme and we get,

11 113 41 1
hitl = —hf ht + hé + ht,
60 ot 240 1 1202 240 3
13 107 07 13
t+1 __ t t
hs 240il° 240h1 240h2 240h@

hitt = - M—k41hf+113h-+1lw
240 120°1 " 240 ? 60

The subdivision matrix of the scheme defined by is

13 107 107 13
ht+1 240 240 240 240 ht
0
1 41 1113 11
pi+1 _— = = = Kt
1 —_ | 240 120 240 60 1

t+1 | 11 13 41 1 t 1
h; / u 13 4o 1| h; /

hett 60 240 120 240 |\ ¢
13 107 107 13 3

240 240 240 240

It can also be written as.
ht+1 — Sht.

Now we find subdivision matrix "S" of given scheme is
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240 120 240 60
11 13 41 1

60 240 120 240
13 107 107 13

240 240 240 240

13 107 107 13
240 240 240 240
1 41 1113 11
S =

we find eigen value’s and eigen vector’s of matrix "S" Now we shall compute the eigen

decomposition of subdivision scheme. For this
0
()
| 31 |

T240 |
19

240
The matrix of eigen vector conversing to eigen value is has

0 11 -1

1 1 45 43
Q= 214 31

45 43
1 1

214 31
0 11 1

As we know that eigen decomposition of S is,

S=RAQ,

A=

Let:

0

1
31

240 |
19

240

Hence the diagonal matrix of eigen value can be written as,

¢ 0 0 0
(0 (e o 0 \
0 |

A°=10 0 oL
k =720

A=

19 ,
0 0 0 (520
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Therefore,
0 0 0 O
im@={g o o o
0 0 0 O

Let the matrix of eigen vectors corresponding to the eigen value is,
0 1 1 -1
/ 45 43

I 214 31 |

Q= a5 43|
1 1 ~212 31
0 1 1 1
And inverse matrix Q71 is,
43 -1 1 43
62 2 2 62

45 107 107 45

Q1 518 259 259 518
107 107 107 107

259 259 259 259

-1 0 0 1
2 2
Since
lim (§)¢ = R Qlim (A)¢,
e—>0oo e—>oo
Implies that
0 1 1 -1
/ 1 1 45 43 0 0 0 O
, e_| 214 31 [0 1 0 0
Qlim (4)° = L, 8 431lo 0 0 o0
214 31/\0 0 0 0
0 1 1 1
Again implies that
01 0 0
. e (0 1 0 O
QIm@)* =19 1 0 o
01 0 0
More implies.
VOLUME 18, ISSUE 8, 2024 https://www.lgjdxcn.asia/

192-274



N No: 1

1SS 008-0562 OY lutral (Science Eodition

43 —1 1 43

62 2 2 62

01 0 0 45 107 107 45

IR . [0 1 0 o\|518 259 259 518

QU Qlm@)*=1{, 1 o oll107 107 107 107

0 1 0 0/]|259 259 259 259

-1 . 1

2 2

45 107 107 45

518 259 259 518 ,
he 45 107 107 45 | [ho
h | _|518 259 259 518 ||}
he 45 107 107 45 || R
h3’ 518 259 259 518 hg/

45 107 107 45

518 259 259 518
45 107 107 45

518 259 259 518
45 107 107 45

- e _ - . _|518 259 259 518
lim(§) = R Qlim (A)* =1 "¢ 107 107 45

518 259 259 518
45 107 107 45

518 259 259 518

This implies that limit stencils.

45 107 107 45)

lim e:(
e—>°°(§) 518 259 259 518

Table 5: Limit stencil of our Scheme at different values of parameter.

B Limit stencil
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1 9 9 1
34°17°17° 34
21 67 67 21
310°155°155°310
3 5 5 3
26'13'13°26
25 31 31 25
174°87'87'174
45 107 107 45
518'259°259'518

;|u: Uil = R W R N e

Table 6: Final Results

Properties M1 M1 M1 M1 M3
2 3 7 5 10

Degree of generation 1 1 1 1 1
Continuity c?t c?t c?t C? Ct
Parametrization Dual Dual Dual Dual Dual

10.Applications of A Family of 4-Points Ternary Subdivision Schemes based on

Laurant Polynomial.
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An application of a family of 4-Points ternary subdivision schemes based on the Laurant
polynomial is given in Figure 1. Figure 1(i) is a control polygon while Figure 1(vi) is a limiting
curve to the control polygon after five iterations. This is evident that the limit curve is smooth

enough

(iv) (V) (vi)

Figure 1: Applications of A Family of 4-Points Ternary Subdivision Schemes

Conclusion:
A family of 4-point ternary approximating subdivision schemes is presented. A complete analysis

VOLUME 18, ISSUE 8, 2024 https://www.lgjdxcn.asia/
192-274




SSN No 1008 0562 O) Jutural Science Eoxditian

of the scheme is also presented. Various properties are proved for various parametric values

N =
wlr—x

% § , and %. It is concluded that a family of 4-Points ternary subdivision schemes is dual in

nature and C! continuous. The visual representation of 4-Points ternary subdivision schemes is

also presented which shows a good smoothing of curve .
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